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Abstract. Motivatedby rational homotopy theory,we studya representablepresheaf
of groupsP on the homotopy category of cocommutative differential graded coal-
gebras, its Lie algebraic counterpart and its linear representations. We prove a Tan-
naka type reconstruction theorem thatP can be recovered from the dg-category of
its linear representations along with the forgetful dg-functor to the underlying dg-
category of chain complexes.
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1. Introduction
Throughout this paper | is a fixed ground field of characteristic zero, and every dif-
ferential graded (dg) objecthashomologicalZ-grading, unlessotherwise specified.
1.1. A selected history and motivation
There is a well-known picture connecting cocommutative Hopf algebras, abstract
groups and Lie algebras.1 We obtain a group from a cocommutative Hopf algebra
as the group of group-like elements and a cocommutative Hopf algebra from an ab-
stract group Γ as its group ring|Γ , which case Γ is isomorphic to the group of group-
like elements. The categoryRep (Γ )of linear representations ofΓ is isomorphic to the
category of leftmodules over |Γ as tensor categories. CocommutativeHopf algebras
have a similar correspondence with Lie algebras via the Lie algebra of primitive el-
ements and the universal enveloping algebra. A group ring |Γ can be completed by
the powers of its augmentation ideal to a complete Hopf algebraÓ|Γ . For a complete
Hopf algebra the group of group-like elements is determined by the Lie algebra of
primitive elements, and vice versa [7].
This classic picture can be naturally recast in the context of a representable presheaf
of groups P : ccC (|) Grp on the category ccC (|) of cocommutative coalgebras.2 A
representing object of P is a cocommutative Hopf algebraH , where the group P (C )
for each cocommutative coalgebraC is isomorphic to the group formed by the set of
all coalgebramaps fromC toH with the convolution product as the composition. In
particular the group of group-like elements in H is isomorphic to the group P (|∨),
where |∨ is the ground field as a cocommutative coalgebra. Conversely an abstract
group Γ determines a presheaf P|Γ of groups on ccC (|) represented by |Γ , and we
have P|Γ (|
∨) ∼= Γ . We can also form the tensor category of linear representations of
P , which is isomorphic to the tensor categoryof leftmodulesoverH , and reconstruct
P from the forgetful fiber functor. The usual description of the Lie algebra of primi-
tive elements in H can also be recast more functorially by associating a presheaf of
Lie algebras TP : ccC (|)  Lie (|) on ccC (|) to each representable presheaf of groups
P such that (a ) the Lie algebraTP (|∨) is isomorphic to the Lie algebra of primitive el-
ements inH representing P ; (b )we have a natural isomorphism TP ∼= TP ′ whenever
the presheaves of groups P and P ′ are isomorphic; and (c ) we have a pair of natu-
ral isomorphisms T`P ∼= P` : ccC (|)   Set , between the presheaves underlying TP
and P , whenever the presheaf of groups P is pro-represented by a complete Hopf
algebra.
The purpose of this paper is to expand the above picture one-step further by study-
ing a representable presheaf of groupsP : ho ccdgC (|) Grp on the homotopy cat-
egory hoccdgC (|) of cocommutative dg coalgebras (ccdg-coalgebras), its Lie alge-
1 We refer to [2] for a more extensive history.
2 A formal group is a representable presheaf of groups on ccC (|) satisfying certain conditions [3].
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braic counterpart, their linear representations and a Tannaka type reconstruction
theorem.
In general, a representable presheaf of groups on a category can be regarded as a
group object in the category. A fundamental example is the presheaf of groupsΠX∗ :
hoTop ∗   Grp on the homotopy category hoTop ∗ of pointed topological spaces
represented by the based loop space ΩX∗ of a pointed space X∗, where the group
ΠX∗ (Y∗) for every based space Y∗ is the group formed by the set [Y∗,ΩX∗] of homo-
topy types of all base point preserving continuous maps to ΩX∗ so that we have
ΠX∗ (S
n
∗ )
∼= πn+1(X∗) for n ≥ 0. As it seems that a full understanding of ΠX∗ is out
of reach, we may follow the ideas of rational homotopy theory of Quillen [7] and
Sullivan [10] to replace hoTop ∗ with the rational homotopy category hoQTop ∗ and
consider suitable full subcategories. For example, Quillen has considered the full
subcategory hoQTop (2)∗ of 1-connected pointed spaces and constructed a full em-
bedding Q : hoQTop (2)∗   hoccdgC (Q)∗ to the homotopy category hoccdgC (Q)∗
of coaugmented ccdg-coalgebras over Q. This gives us the motivation to develop
a general theory of representable presheaves of groups on the homotopy category
hoccdgC (|).
The categorical dual to a representable presheaf of groups P : ho ccdgC (|)   Grp
on hoccdgC (|) is a representable functor G : hocdgA (|)  Grp from the homotopy
category hocdgA (|) of commutative dg-algebras (cdg-algebra) with cohomological
grading. This is the dg-version of an affine group schemeG over |, which we call an
affine group dg-scheme. The study of affine group schemes and their linear repre-
sentation is a classic subject in algebraic geometry, which has led to the theory of
Tannakian categories [8,4]. A neutral Tannakian category is equivalent to the cate-
gory of finite dimensional linear representations of an affine group scheme along
with the forgetful functor to the category of underlying finite dimensional vector
spaces. We expect to have similar constructions for affine group dg-schemes, which
is the main subject of a sequel to this paper [6]. Rational homotopy theory gives us
additional motivation for our study, since Sullivan has constructed a contravariant
full embedding S : hoQ Top (1)
f n
∗   hocdgA (Q)∗ of the rational homotopy category
hoQTop (1)
f n
∗ of 0-connected nilpotent pointed spaces of finite types into the homo-
topy category hocdgA (Q)∗ of augmented cdg-algebras overQ with the cohomologi-
cal grading [10].
1.2. Results
LetP : hoccdgC (|)  Grp be a representable presheaf of groups on the homotopy
category hoccdgC (|) of ccdg-coalgebras over |.
A representing object ofP is a cocommutative dg Hopf algebra (ccdg-Hopf algebra)
Ω, andwe use the notationPΩ for it. For each ccdg-coalgebra C the groupPΩ(C ) is
the group formed by the set of homotopy types of all morphisms g :C →Ω of ccdg-
coalgebras, and a homotopy equivalence f : C → C ′ of ccdg-coalgebras induces an
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isomorphismPΩ(C
′) ∼−→PΩ(C )of groups. The category of representable presheaves
of groupsonhoccdgC (|) is equivalent to thehomotopycategoryhoccdgH (|)of ccdg-
Hopf algebras. [Theorem 3.1]
The Lie theoretic counterpart ofPΩ is a presheaf TPΩ : hoccdgC (|)  Lie (|) of Lie
algebras over|on thehomotopy category hoccdgC (|), defined so thatwe haveanat-
ural isomorphismTPΩ ∼= TPΩ′ wheneverwe have anatural isomorphismPΩ ∼=PΩ′
or, equivalently, wheneverΩ andΩ′ are homotopy equivalent as ccdg-Hopf algebras.
[Theorem 3.2]
If Ω is concentrated in degree zero, the group PΩ(|
∨) is isomorphic to the group
of group-like elements in Ω and the Lie algebra TPΩ(|
∨) is isomorphic to the Lie
algebra of primitive elements in Ω.
A complete ccdg-Hopf algebra is the dg-version of Quillen’s complete cocommuta-
tive Hopf algebra. If Ω is a complete ccdg-Hopf algebra, we construct a natural iso-
morphism `TPΩ
(0
P`Ωiq : hoccdgC (|)  Set between the underlying presheaves,
so that the representable presheafPΩ of groups can be recovered from the presheaf
TPΩ of Lie algebras by theBaker-Campbell-Hausdorff formula. [Theorem3.3]
We use the chain model for dg-categories—categories enriched in the category of
chain complexes over |. We define a linear representation of PΩ via a linear rep-
resentation of the associated presheaf of groups PΩ : ccdgC (|)  Grp on the cate-
gory ccdgC (|) of ccdg-coalgebras, which is represented byΩ and inducesPΩ on the
homotopy category hoccdgC (|). The linear representations of PΩ form a dg-tensor
category Rep (PΩ), which is isomorphic to the dg-tensor category dgMod L (Ω) of left
dg-modules over Ω.
We reconstruct PΩ via the forgetful dg-functor ω : dgMod L (Ω)  Ch (|) to the un-
derlying dg-category Ch (|) of chain complexes as follows.
– We consider a dg-tensor functor C⊗ : Ch (|)   dgComod
cofr
L (C ) for each ccdg-
coalgebra C , which sends a chain complex to the cofree left dg-comodule over
C cogenerated by the chain complex. Composing it withω, we have a dg-tensor
functor C ⊗ω : dgMod L (Ω)   dgComod
cofr
L (C ). Then, it is trivial that the set
End
 
C⊗ω

of natural endomorphisms of the functor C⊗ω is a dg-algebra over |.
– By considering the subset Z0End
⊗
 
C ⊗ω

of End
 
C ⊗ω

consisting of tensorial
natural endomorphisms belonging to the kernel of the natural differential, we
construct a presheaf of groupsP⊗ω :
ccdgC (|) Grp on the category ccdgC (|) of
ccdg-coalgebras and prove that it is represented by the ccdg-Hopf algebra Ω.
– After introducing anotion of homotopy types of elements inZ0End
⊗
 
C ⊗ω

anal-
ogous to the homotopy types ofmorphisms of ccdg-coalgebras, we show that the
presheaf of groups P⊗ω on ccdgC (|) induces a presheaf of groups P
⊗
ω on the ho-
Representable Presheaf of Groups and Tannakian Reconstruction 5
motopy category hoccdgC (|). We, then, construct a natural isomorphism
P⊗ω
(0
PΩhp : hoccdgC (|) Grp
of presheaves of groups on the homotopy category hoccdgC (|), which is our Tan-
nakian reconstruction. [Theorem 5.1]
A typical example of a ccdg-Hopf algebra Ω is the complete tensor dg-Hopf alge-
bra generated by a Z-graded vector space, via the cobar construction [1] of a ccdg-
coalgebra or a C∞-coalgebra. If X∗ is a pointed 2-connected and pointed space, the
cobar construction of the ccdg-coalgebraQ(X∗), the rational Quillenmodel for X∗, is
a rationalQuillenmodel for thebased loop spaceΩX∗ . LetQΠX∗ :QhoTop (1)∗ Grp
beapresheafof groupsonQhoTop (1)∗ representedbyΩX∗. Thenwehavean isomor-
phismQΠX∗ (Y∗)
∼= PΩ(Q(X∗)
 
Q(Y∗)

of groups for every 1-connected pointed space Y∗
since Quillen’s functorQ is a full embedding.
Acknowledgements. The work of JL was supported by NRF(National Research Foundation of Korea)
Grant funded by the Korean Government(NRF-2016-Global Ph.D. Fellowship Program). JSP is grateful
to Cheolhyun Cho, Gabriel Drummond Cole and Dennis Sullivan for useful comments.
2. Notation and basic notions
Unadorned tensor product ⊗ is over the ground field |. By an element of a Z-graded
vector space we shall usually mean a homogeneous element x whose degree will be
denoted |x |. Let V =
⊕
n∈ZVn andW =
⊕
n∈ZWn be Z-graded vector spaces. Then
V ⊗W =
⊕
n∈Z(V ⊗W )n , where (V ⊗W )n =
⊕
i+ j=n∈ZVi ⊗Wj , is also a Z-graded
vector space. Denoted by Hom(V ,W ) =
⊕
n∈ZHom(V ,W )n is the Z-graded vector
space of |-linear maps from V to W , where Hom(V ,W )n is the space of |-linear
maps increasing the degrees by n . A chain complex
 
V ,∂V

is often denoted by V for
simplicity. The ground field | is a chain complexwith the zero differential. LetV and
W be chain complexes. Then V ⊗W and Hom(V ,W ) are also chain complexes with
the following differentials
∂V ⊗W = ∂V ⊗ IW + IV ⊗ ∂W ,
∂V ,W f = ∂W ◦ f − (−1)
| f | f ◦ ∂V , ∀ f ∈Hom(V ,W )| f |.
(2.1)
A chainmap f :
 
V ,∂V

→
 
W ,∂W

is an f ∈Hom(V ,W )0 satisfying ∂V,W f = ∂V ◦ f − f ◦
∂W = 0. Two chainmaps f and f˜ are homotopic, denoted by f ∼ f˜ , or have the same
homotopy type, denoted by [ f ] = [ f˜ ], if there is a chain homotopy λ ∈ Hom(V ,W )1
such that f˜ − f = ∂V,Wλ.
The set of morphisms from an object C to another object C ′ in a category C is de-
noted by HomC (C ,C
′). We denote the set of natural transformations of functors
F ⇒G :C  D byNat(F ,G ). For any functor F : C  D , where D is small, we use the
notation F` : C   Set for the underlying set valued functor obtained by composing
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it with the forgetful functor Forget : D   Set . A presheaf of groups on a category C
is a functor F : C   Grp from the opposite category C of C to the category Grp of
groups and is called representable if F` is representable.
Thecanonical isomorphisms|⊗V ∼= V andV ⊗|∼= V will bedenoteby ıV : |⊗V → V
and ı−1V : V → |⊗V as well as V : V ⊗|→ V and 
−1
V : V → V ⊗|.
Adg-algebraon aZ-graded vector space A is a tuple A =
 
A,uA ,mA,∂A

, which is both
a chain complex
 
A,∂A

andaZ-gradedassociative algebra
 
A,uA ,mA

such that both
the unit uA : |→ A and the productmA : A⊗A→ A are chain maps:
∂A ◦uA = 0,
mA ◦ ∂A⊗A = ∂A ◦mA,

mA ◦ (uA ⊗ IA) = ıA
∼=mA ◦ (IA ⊗uA) = A ,
mA ◦ (mA ⊗ IA) =mA ◦ (IA ◦mA).
(2.2)
Amorphism f : A→ A′ of dg-algebras is simultaneously a chainmap, f ◦∂A = ∂A′ ◦ f ,
and an unital algebra map, f ◦ uA = uA′ and f ◦mA =mA′ ◦ ( f ⊗ f ). The dg-algebras
form a category, denoted by dgA (|), where the composition of morphisms is the
composition as linear maps.
A dg-coalgebra on Z-graded vector space C is a tuple C =
 
C ,εC ,ÍC ,∂C

, which is
both a chain complex
 
C ,∂C

and a Z-graded coassociative coalgebra
 
C ,εC ,ÍC

such that both the counit εC : C → | and the coproduct ÍC : C → C ⊗C are chain
maps:
εC ◦ ∂C = 0,
ÍC ◦ ∂C = ∂C⊗C ◦ÍC ,

(εC ⊗ IC ) ◦ÍC = ı
−1
C
∼= (IC ⊗εC ) ◦ÍC = 
−1
C ,
(ÍC ⊗ IC ) ◦ÍC = (IC ⊗ÍC ) ◦ÍC .
(2.3)
A morphism f : C → C ′ of dg-coalgebras is simultaneously a chain map, f ◦ ∂C =
∂C ′ ◦ f , and a counital coalgebra map, εC ′ ◦ f = εC and ÍC ′ ◦ f = ( f ⊗ f ) ◦ÍC . The
dg-coalgebras form a category, denoted by dgC (|), where the composition of mor-
phisms is the composition as linear maps.
Every dg-coalgebra C in this paper is cocommutative that ÍC = τ ◦ÍC , where τ(x ⊗
y ) = (−1)|x ||y |y ⊗x ,∀x , y ∈C . The full subcategory of cocommutative dg-coalgebras
(ccdg-coalgebras) of dgC (|) is denoted by ccdgC (|), and we use the prefix "cc" for
cocommutative.
Remark that the ground field | is an algebra |= (|,u|,m|), where u| = I| andm|(a⊗
b ) = a · b , and a coalgebra |∨ = (|,ε|,Í|) with ε| = I| and Í|(1) = 1⊗ 1. A ccdg-
bialgebra Ω =
 
Ω,uΩ,mΩ,εΩ,ÍΩ ,∂Ω

is simultaneously a dg-algebra
 
Ω,uΩ,mΩ,∂Ω

and a ccdg-coalgebra
 
Ω,εΩ,ÍΩ,∂Ω

such that both the counit εΩ : Ω → | and the
coproduct ÍΩ :Ω→Ω⊗Ω are morphisms of dg-algebras:
εΩ ◦uΩ = u|,
ÍΩ ◦uΩ = (uΩ ⊗uΩ) ◦Í|,

εΩ ◦mΩ =m| ◦ (εΩ ⊗εΩ),
ÍΩ ◦mΩ =mΩ⊗Ω ◦ (ÍΩ ⊗ÍΩ),
(2.4)
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or, equivalently, both the unit uΩ : |→Ω and the productmΩ :Ω⊗Ω→ Ω are mor-
phisms of ccdg-coalgebras—remind that mΩ⊗Ω ◦ (ÍΩ ⊗ÍΩ) = (mΩ ⊗mΩ) ◦ (IΩ ⊗τ⊗
IΩ) ◦ (ÍΩ ⊗ÍΩ) = (mΩ ⊗mΩ) ◦ÍΩ⊗Ω.
A ccdg-Hopf algebraΩ is a ccdg-bialgebra with an antipode ςΩ, which is a linearmap
ςΩ :Ω→Ω of degree zero satisfying the following axiom:
mΩ ◦ (ςΩ ⊗ IΩ) ◦ÍΩ =mΩ ◦ (IΩ ⊗ςΩ) ◦ÍΩ = uΩ ◦εΩ . (2.5)
Then, ςΩ is automatically a chainmap. Also, antipode ςΩ of ccdg-bialgebra is unique
if exists and both an anti-algebra map and coalgebra map:
ςΩ ◦uΩ = uΩ ,
ςΩ ◦mΩ =mΩ ◦ (ςΩ ⊗ςΩ) ◦τ,

εΩ ◦ςΩ = εΩ ,
ÍΩ ◦ςΩ = (ςΩ ⊗ςΩ) ◦ÍΩ .
(2.6)
A morphism f : Ω → Ω′ of ccdg-Hopf algebras is simultaneously a morphism of
dg-algebras and amorphism of ccdg-coalgebras—it is, then, automatic that f com-
mutes with the antipodes. The ccdg-Hopf algebras form a category ccdgH (|), where
the composition of morphisms is the composition as linear maps.
We can also form the homotopy category of ccdg-Hopf algebras, for which we intro-
duce the notion of homotopy type of ccdg-Hopf algebra morphisms.
Definition 2.1. A homotopy pair onHomccdgH (|)(Ω,Ω
′) is a pair of 1-parameter fam-
ilies
 
f (t ),ξ(t )

∈ Hom(Ω,Ω′)0[t ] ⊕Hom(Ω,Ω
′)1[t ], which is parametrized by time
variable t with polynomial dependences and satisfies the homotopy flow equation
d
d t
f (t ) = ∂Ω,Ω′ξ(t ) generated by ξ(t ), subject to the following two types of conditions:
– infinitesimal algebra map: f (0) ∈HomdgA (|)(Ω,Ω
′) and
ξ(t ) ◦uΩ = 0, ξ(t ) ◦mΩ =mΩ′ ◦
 
f (t )⊗ξ(t ) +ξ(t )⊗ f (t )

.
– infinitesimal coalgebra map: f (0) ∈HomccdgC (|)(Ω,Ω
′) and
εΩ′ ◦ξ(t ) = 0, ÍΩ′ ◦ξ(t ) =
 
f (t )⊗ξ(t ) +ξ(t )⊗ f (t )

◦ÍΩ .
Let
 
f (t ),ξ(t )

beahomotopypair onHomccdgH (|)(Ω,Ω
′). By thehomotopyflowequa-
tion, f (t ) is uniquely determined by ξ(t )modulo an initial condition f (0) such that
f (t ) = f (0) + ∂Ω,Ω′
∫ t
0
ξ(s )ds, and we can check that f (t ) is a family of morphisms
of ccdg-Hopf algebras. In this case, we say f (1) is homotopic to f (0) by the homo-
topy
∫ 1
0
ξ(t )dt and denote f (0) ∼ f (1), which is clearly an equivalence relation. In
other words, two morphisms f and f˜ of ccdg-Hopf algebras are homotopic, f ∼ f˜ ,
if there is a homotopy pair connecting them (by the time 1 map). Then, we also say
that f and f˜ have the same homotopy type, denoted by [ f ] = [ f˜ ]. For any diagram
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Ω
f
**
f˜
44 Ω′
f ′
**
f˜ ′
44 Ω′′ in the category ccdgH (|), where f ∼ f˜ and f ′ ∼ f˜ ′, it is straight-
forward to check that f ′ ◦ f ∼ f˜ ′ ◦ f˜ ∈HomccdgH (|)(Ω,Ω
′) and the homotopy type of
f ′ ◦ f depends only on the homotopy types of f and f ′, so that we have the well-
defined associative composition [ f ′]◦h [ f ] := [ f
′◦ f ] of homotopy types. Amorphism
Ω
f
// Ω′ of ccdg-Hopf algebras is a homotopy equivalence if there is a morphism
Ω Ω′
hoo of ccdg-Hopf algebras from the opposite direction such that h ◦ f ∼ IΩ
and f ◦h ∼ IΩ′ .
The homotopy category hoccdgH (|) of ccdg-Hopf algebras is defined such that the
objects are ccdg-Hopf algebras and morphisms are homotopy types of morphisms
of ccdg-Hopf algebras. Note that a homotopy equivalence of ccdg-Hopf algebras is
an isomorphism in the homotopy category hoccdgH (|).
We define a homotopy pair on te morphisms of ccdg-coalgebras as the case of ccdg-
Hopf algebras but without imposing the condition for infinitesimal algebra map.
Then, we have corresponding notions for homotopy types of morphisms of ccdg-
coalgebras and a homotopy equivalence of ccdg-coalgebras. Thus we can form the
homotopy category hoccdgC (|) of ccdg-coalgebras, whose morphisms are homo-
topy types of morphisms of ccdg-coalgebras.
Remark that our notion of homotopy category is the naive one—all based on chain
complex over a field | with explicitly defined homotopies of morphisms.3
A dg-category C over | is a category enriched in the category Ch (|) of chain com-
plexes over |—we refer to [5] for a review of dg-categories. A dg-category shall be
distinguished from anordinary category by putting an "underline". Besides fromus-
ing the chain model we follows [9] for the notion of dg-tensor categories. The chain
complex of morphisms from object X to object Y in a dg-category C is denoted
by HomC (X ,Y ) with the differential ∂HomC (X ,Y ). A morphism f ∈HomC (X ,Y ) be-
tween two objects X and Y in C is an isomorphism if f ∈ HomC (X ,Y )0 and satis-
fies ∂HomC (X ,Y ) f = 0, with its inverse g ∈ HomC (Y ,X )0 satisfying ∂HomC (Y ,X )g =
0.
A dg-functor F : C   D is a functor which induces chain maps HomC (X ,Y ) →
HomD (F (X ), F (Y )) for every pair (X ,Y ) of objects in C . The set Nat(F ,G ) of natu-
ral transformations of dg-functors is a chain complex
 
Nat(F ,G ),δ

, where
– its degree n element is a collection of morphisms η = {ηX : F (X ) → G (X )|X ∈
Ob(C )} of degree n , where ηX is called the component of η at X , with the su-
percommuting naturalness condition, i.e. G ( f ) ◦ηX = (−1)
mnηY ◦ F ( f ) for every
morphism f : X → Y of degreem .
3 Our definition of the homotopy category of ccdg-coalgebras is equivalent to Quillen’s definition
in [7] if we consider the full subcategory of 2-reduced ccdg-coalgebras.
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– for every η∈Nat(F ,G ) of degree n we have δη ∈Nat(F ,G ) of degree n −1, whose
component at X is defined by
 
δη

X
:= ∂
HomC
 
F (X ),G (X )
ηX , and δ ◦δ= 0.
The dg-functors from C to D form a dg-category, withmorphisms as the above nat-
ural transformations. In particular, the set End(F ) of natural endomorphisms has
a canonical structure of dg-algebra. A natural transformation η from a dg-functor
F to another dg-functor G is often indicated by a diagram η : F ⇒ G : C   D . A
natural transformation η is an (natural) isomorphism if the component morphism
ηX : F (X )→ G (X ) is an isomorphism in D for every object X of C .
The notion of tensor categories [8,4] has a natural generalization to dg-tensor cat-
egories. For a dg-category C we have a new dg-category C ⊠C , whose objects are
pairs denoted by X ⊠Y and whose Hom complexes are the tensor products of Hom
complexes ofC , i.e.,HomC ⊠C (X ⊠Y ,X
′⊠Y ′) =HomC (X ,X
′)⊗HomC (Y ,Y
′)with the
natural compositionoperationanddifferentials. Thenwehaveanatural equivalence
of dg-categories (C ⊠C )⊠C ∼= C ⊠ (C ⊠C ). A dg-category C is a dg-tensor category
if we have dg-functor ⊗ : C ⊠C  C and a unit object 1C satisfying the associativity,
the commutativity and the unit axioms. (See pp 40-41 in [9] for the details.)
The fundamental example of dg-tensor category over | is the dg-category Ch (|)
of chain complexes, whose set of morphisms HomCh (|)(V ,W ) from a chain com-
plex V to a chain complexW is the Hom complex Hom(V ,W ) with the differential
∂HomCh (|)(V ,W ) = ∂V ,W . The dg-functor ⊗ : Ch (|) ⊠ Ch (|)   Ch (|) sends (V ,∂V )⊠
(W ,∂W ) to the chain complex (V ⊗W ,∂V ⊗W )andanunit object is thegroundfield|as
a chain complex (|, 0), where all coherence isomorphismsare theobviousones.
A dg-tensor functor F : C   D between dg-tensor categories is a dg-functor satis-
fying F (X⊗Y ) ∼= F (X )⊗F (Y ) and F (1C ) ∼= 1D . A tensor natural transformation η :
F⇒ G between dg-tensor functors is a natural transformation of degree 0 satisfying
ηX⊗Y
∼=ηX ⊗ηY and η1C
∼= I1D .
We use the notation [α] for the homotopy type of a morphism α as well as for the
homology class of a cycle α, depending on the context.
3. Representable presheaves of groups and presheaves of Lie algebras
In this section, we develop basic theory of a representable presheaf of groups P :
hoccdgC (|) Grp on thehomotopy categoryhoccdgC (|) and its Lie algebraic coun-
terpart.
In Sect. 3.1,wecheck that a representingobjectofP is a ccdg-Hopf algebraΩ, andwe
use the notationPΩ for it. The groupPΩ(C ) for each ccdg-coalgebra C is the group
formed by the set of homotopy types of allmorphisms g :C →Ω of ccdg-coalgebras.
Moreover, a homotopy equivalence f : C → C ′ of ccdg-coalgebras induces an iso-
morphismPΩ(C
′) ∼−→PΩ(C ) of groups. The category of representable presheaves of
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groups on hoccdgC (|) is equivalent to the homotopy category hoccdgH (|) of ccdg-
Hopf algebras. We observe that the groupPΩ(|
∨), where |∨ is the dual coalgebra on
|, acts naturally onPΩ(C ) so that the underlying presheaf P`Ω : hoccdgC (|)  Set is
PΩ(|
∨)-set valued. If Ω is concentrated in degree zero, the groupPΩ(|
∨) is isomor-
phic to the group of group-like elements in Ω.
In Sect. 3.2, we define the Lie theoretic counterpart to PΩ by a presheaf of Lie al-
gebras TPΩ : hoccdgC (|)  Lie (|) on the homotopy category hoccdgC (|). The Lie
algebraTPΩ(C ) for each ccdg-coalgebra C is the Lie algebra formedby the set of ho-
motopy types of all infinitesimalmorphismsυ :C →Ω of ccdg-coalgebras about the
identity element of the groupPΩ(C ). We have a natural isomorphism TPΩ ∼= TPΩ′
whenever there is a natural isomorphismPΩ ∼=PΩ′ or, equivalently, wheneverΩ and
Ω′ are homotopy equivalent as ccdg-Hopf algebras. If Ω is concentrated in degree
zero, the Lie algebra TPΩ(|
∨) is isomorphic to the Lie algebra of primitive elements
in Ω.
In Sect. 3.3, we consider a pro-representable presheaf of group PΩ , whose repre-
senting object Ω is a complete ccdg-Hopf algebra Ω = ÒΩ. Complete ccdg-Hopf alge-
bra is the dg-version of Quillen’s complete (cocommutative) Hopf algebra. We con-
struct a natural isomorphism P`Ω
ln
)1 `T PΩ
exp
iq : hoccdgC (|)   Set between the
underlying presheaves, so that the representable presheaf of groups PΩ can be re-
covered from thepresheaf of Lie algebrasTPΩ using theBaker-Campbell-Hausdorff
formula.
3.1. Representable presheaf of groupsPΩ : hoccdgC (|) Grp
The purpose of this subsection is to prove the following:
Theorem 3.1 (Definition). For each ccdg-Hopf algebra Ω, we have a representable
presheaf of groups PΩ : hoccdgC (|)   Grp on the homotopy category hoccdgC (|)
of ccdg-coalgebras over |, sending
– a ccdg-coalgebra C =
 
C ,εC ,ÍC ,∂C

to the group
PΩ(C ) :=

HomhoccdgC (|)
 
C ,Ω

, eC,Ω,∗C,Ω

,
with the group operation [g1]∗C,Ω [g2] :=

mΩ ◦ (g1⊗g2)◦ÍC

, the identity element
eC,Ω =

uΩ◦εC

, and the inverse [g ]−1 :=

ςΩ◦g

of [g ],where g i ∈HomccdgC (|)
 
C ,Ω

is an arbitrary representative of the homotopy type [g i ]∈HomhoccdgC (|)
 
C ,Ω

.
– amorphism [ f ]∈HomhoccdgC (|)
 
C ,C ′

in thehomotopy category of ccdg-coalgebras
to a homomorphism PΩ([ f ]) : PΩ
 
C ′

→ PΩ
 
C

of groups defined by, ∀[g ′] ∈
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HomhoccdgC (|)
 
C ′,Ω

,
PΩ
 
[ f ]
 
[g ′]

:=

g ′ ◦ f

,
where f ∈HomccdgC (|)
 
C ,C ′

and g ′ ∈HomccdgC (|)
 
C ′,Ω

are arbitrary represen-
tatives of the homotopy types [ f ] and [g ′], respectively,
such that PΩ([ f ]) is an isomorphism of groups whenever f : C → C
′ is a homotopy
equivalence of ccdg-coalgebras.
Representing object of a representable presheaf of groups P : hoccdgC (|)  Grp on
hoccdgC (|) is a ccdg-Hopf algebraΩ such thatP∼=PΩ .
For eachmorphism [ψ] ∈HomhoccdgH (|)
 
Ω,Ω′

in the homotopy category of ccdg-Hopf
algebras we have a natural transformation N[ψ] : PΩ =⇒ PΩ′ : hoccdgC (|)   Grp
defined such that for every ccdg-coalgebra C and [g ] ∈HomhoccdgC (|)
 
C ,Ω

we have
N C
[ψ]
 
[g ]

:=

ψ ◦ g

,
whereψ ∈HomccdgH (|)
 
Ω,Ω′

andg ∈HomccdgC (|)
 
C ,Ω

are arbitrary representatives
of the homotopy types [ψ] and [g ], respectively.
We have an one-to-one correspondence HomhoccdgH (|)
 
Ω,Ω′

∼= Nat
 
PΩ ,PΩ′

such
thatN[ψ] is a natural isomorphism wheneverψ : Ω→ Ω
′ is a homotopy equivalence
of ccdg-Hopf algebras.
We divide the proof into few pieces. The main technical point is that the presheaf
of groupsPΩ is defined via the associated presheaf of groupsPΩ : ccdgC (|)  Grp
on the category ccdgC (|) of ccdg-coalgebras, which is represented byΩ and induces
PΩ on the homotopy category hoccdgC (|).
Lemma 3.1 (Definition). For every ccdg-Hopf algebra Ω we have a presheaf of dg-
algebras EΩ : ccdgC (|)  dgA (|) over | on ccdgC (|), sending each ccdg-coalgebra C
to the convolution dg-algebra EΩ(C ) :=
 
Hom
 
C ,Ω

,uΩ ◦εC ,⋆C,Ω,∂C,Ω

, where
– uΩ ◦εC : C
εC // |
uΩ // Ω is the unit, and
– α1 ⋆C,Ω α2 := mΩ ◦ (α1 ⊗ α2) ◦ÍC : C
ÍC // C ⊗C
α1⊗α2 // Ω⊗Ω
mΩ // Ω , α1,α2 ∈
Hom(C ,Ω), is the convolution product,
and each morphism f : C → C ′ of ccdg-coalgebras to a morphism EΩ( f ) : EΩ(C
′)→
EΩ(C ) of dg-algebras defined by EΩ( f )(α
′) :=α′ ◦ f for all α′ ∈Hom
 
C ′,Ω

.
Proof. It is a standard fact thatEΩ(C ) is a dg-algebra: The convolutionproduct ⋆C,Ω is
associative due to the associativity ofmΩ and the coassociativity ofÍC , and uΩ◦εC is
the identity element for the convolution product due to the counit axiom of C
εC
−→ |
and the unit axiom of |
uΩ
−→Ω. We have ∂C,Ω(uΩ ◦εC ) = 0 by εC ◦ ∂C = ∂Ω ◦uΩ = 0 and
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∂C,Ω is a derivation of the convolution product since ∂C is a coderivation of ÍC and
∂Ω is a derivation ofmΩ .
Wecheck thatEΩ( f ) is amorphismofdg-algebras as follows:∀α
′ ,α′1,α
′
2 ∈Hom
 
C ′,Ω

,
EΩ( f )(uΩ◦εC ′ ) =uΩ◦εC ′ ◦ f = uΩ◦εC ,
EΩ( f )
 
∂C ′,Ωα
′

=∂Ω ◦α
′ ◦ f − (−1)|α
′|α′ ◦ ∂C ′ ◦ f = ∂Ω ◦α
′ ◦ f − (−1)|α
′|α′ ◦ f ◦ ∂C
=∂C ′,Ω
 
EΩ( f )(α
′)

,
EΩ( f )
 
α′1 ⋆C ′,Ω α
′
2

=mΩ ◦ (α
′
1⊗α
′
2) ◦ÍC ′ ◦ f =mΩ ◦ (α
′
1 ◦ f ⊗α
′
2 ◦ f ) ◦ÍC
=EΩ( f )
 
α′1

⋆C ′,Ω EΩ( f )
 
α′2

,
wherewehaveuse thedefiningpropertiesof f beingamorphismof ccdg-coalgebras.
The functoriality of EΩ is obvious. ⊓⊔
Lemma 3.2. For every ccdg-Hopf algebraΩwehave a representable presheaf of groups
PΩ : ccdgC (|) Grp on ccdgC (|), sending
– each ccdg-coalgebraC toagroupPΩ(C ) :=
 
HomccdgC (|)
 
C ,Ω

,uΩ◦εC ,⋆C,Ω

,where
the inverse of g ∈HomccdgC (|)
 
C ,Ω

is g −1 := ςΩ ◦ g , and
– each morphism f : C → C ′ of ccdg-coalgebras to a morphism PΩ( f ) : PΩ(C
′)→
PΩ(C ) of groups defined byPΩ( f )(g
′) := g ′ ◦ f for all g ′ ∈HomccdgC (|)
 
C ′,Ω

.
Proof. 1. We show that PΩ(C ) is a group for every ccdg-coalgebra C as follows. We
remind that
HomccdgC (|)
 
C ,Ω

:=
¦
g ∈Hom
 
C ,Ω

0
∂C,Ωg = 0, εΩ ◦ g = εC , ÍΩ ◦ g = (g ⊗ g ) ◦ÍC ©,
and check routinely that
– uΩ ◦ εC ∈ HomccdgC (|)
 
C ,Ω

, since C
εC
−→ | and |
uΩ
−→ Ω are morphisms of ccdg-
coalgebras;
– g1⋆C,Ωg2 ∈HomccdgC (|)
 
C ,Ω

whenever g1,g2 ∈HomccdgC (|)
 
C ,Ω

, since wehave
∂C,Ω(g1 ⋆C,Ω g2) = (∂C,Ωg1) ⋆C,Ω g2+ g1 ⋆C,Ω ∂C,Ωg2 = 0,
εΩ ◦ (g1 ⋆C,Ω g2) = εΩ ◦mΩ ◦ (g1⊗ g2)⊗ÍC =m| ◦ (εΩ ◦ g1⊗εΩ ◦ g2) ◦ÍC
=m| ◦ (εC ⊗εC ) ◦ÍC =m| ◦ (εC ⊗ I|) ◦ 
−1
C = εC ,
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and by the cocommutativity of ÍC , we have
ÍΩ ◦

g1 ⋆C,Ω g2

=ÍΩ ◦mΩ ◦ (g1⊗ g2) ◦ÍC
=mΩ⊗Ω ◦ (ÍΩ ⊗ÍΩ) ◦ (g1⊗ g2) ◦ÍC
=(mΩ ⊗mΩ) ◦ (IΩ ⊗τ⊗ IΩ) ◦ (g1⊗ g1⊗ g2⊗ g2) ◦ (ÍC ⊗ÍC ) ◦ÍC
=(mΩ ⊗mΩ) ◦ (g1⊗ g2⊗ g1⊗ g2) ◦ (IC ⊗τ⊗ IC ) ◦ (ÍC ⊗ÍC ) ◦ÍC
=(mΩ ⊗mΩ) ◦ (g1⊗ g2⊗ g1⊗ g2) ◦ (ÍC ⊗ÍC ) ◦ÍC
=

(g1 ⋆C,Ω g2)⊗ (g1 ⋆C,Ω g2)

◦ÍC .
– g −1 := ςΩ ◦ g ∈HomccdgC (|)
 
C ,Ω

whenever g ∈HomccdgC (|)
 
C ,Ω

, since ςΩ :Ω→
Ω is a morphism of ccdg-coalgebras.
Then, by Lemma 3.1,PΩ(C ) :=
 
HomccdgC (|)
 
C ,Ω

,uΩ ◦εC ,⋆C,Ω

is a monoid. On the
other hand, by the antipode axiom eq. (2.5) we have, ∀g ∈HomccdgC (|)
 
C ,Ω

,
g ⋆C,Ω g
−1 :=mΩ ◦ (g ⊗ςΩ ◦ g ) ◦ÍC =mΩ ◦ (IΩ ⊗ςΩ) ◦ÍΩ ◦ g = uΩ ◦εΩ ◦ g = uΩ ◦εC ,
and, similarly, g −1 ⋆C,Ω g = uΩ ◦εC . Hence,PΩ(C ) is actually a group.
2. We havePΩ( f )(g
′) := g ′ ◦ f ∈HomccdgC (|)
 
C ,Ω

whenever g ′ ∈HomccdgC (|)
 
C ′,Ω

since C
f
−→C ′ is a morphism of ccdg-coalgebras. Then, by Lemma 3.1, we have
– PΩ( f ) :PΩ(C
′)→PΩ(C ) is a group homomorphism;
– PΩ( f
′ ◦ f ) =PΩ( f ) ◦PΩ( f
′), ∀ f ′ ∈HomccdgC (|)
 
C ′,C ′′

.
ThereforePΩ : ccdgC (|) Grp is a representable presheaf of groups on the category
ccdgC (|) of ccdg-coalgebras. ⊓⊔
Remark 3.1. PΩ : ccdgC (|) Grp is a presheaf of groups even ifΩ is not a strictly co-
commutativedg-Hopf algebrabut, then, it isnot a representablepresheafon ccdgC (|).
Lemma 3.3. Suppose P is a representable presheaf of groups ccdgC (|)   Grp on
ccdgC (|). ThenP ∼=PΩ for some ccdg-Hopf algebra Ω.
Proof. Since P` : ccdgC (|)  Set is representable, we have P` ∼=HomccdgC (|)(−,Ω) for
some ccdg-coalgebra Ω. We shall show thatΩ carries a ccdg-Hopf algebra structure.
We can restate the condition that P` factors through Grp as follows:
– For each ccdg-coalgebra C , there is a group structure on P` (C ). In other words,
there are three structure functions µC : P` (C )× P` (C ) → P`(C ), e C : {∗} → P`(C )
and iC : P`(C )→ P`(C ) satisfying the group axioms.
– For each morphism f : C → C ′ of ccdg-coalgebras, the function P`( f ) : P` (C ′)→
P`(C ) is a group homomorphism.
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This is equivalent to the existence of natural transformationsµ : P`×P`→ P` , e : {∗}→
P` , and i : P` → P` satisfying the group axioms. Here, {∗} is a functor ccdgC (|)→ Set
sending every ccdg-coalgebra C to a one-point set {∗}.
LetΩ⊗Ω be the ccdg-coalgebraobtainedby the tensorproductof the ccdg-coalgebra
Ω. We claim that there are natural isomorphisms of presheaves
P` × P` ∼=HomccdgC (|)(−,Ω⊗Ω), {∗} ∼=HomccdgC (|)(−,|
∨). (3.1)
Then, by the Yoneda lemma, the natural transformations µ, e , and i are completely
determined by morphisms mΩ : Ω ⊗Ω → Ω, uΩ : |
∨ → Ω and ςΩ : Ω → Ω of ccdg-
coalgebras, respectively. Applying theYoneda lemmaagain, aplain calculation shows
that
1. µ ◦ (µ× IP` ) =µ ◦ (IP` ×µ) implies the associativity ofmΩ.
2. µ ◦ (e × IP` ) =µ ◦ (IP` × e ) = IP` implies the unit axiom of uΩ .
3. inverse element axiom of i implies the antipode axiom of ςΩ.
Therefore Ω has a ccdg-Hopf algebra structure (Ω,uΩ,mΩ,εΩ,ÍΩ ,ςΩ).
Now we check the claimed isomorphisms in eq. (3.1). Note that |∨ is a terminal ob-
ject in the category ccdgC (|), since anymorphism C → |∨ of ccdg-coalgebras has to
be the counit εC by the counit axiom. Let C ⊗C
′ be the ccdg-coalgebra obtained by
the tensor product of ccdg-coalgebras C andC ′. Thenwe have the following projec-
tion morphisms of ccdg-coalgebras:
πC := C ⊗C
′
IC ⊗εC ′ // C ⊗|
C // C , πC ′ := C ⊗C
′
εC⊗IC ′ // |⊗C ′
ıC ′ // C ′.
For each ccdg-coalgebra T we consider the function
HomccdgC (|)(T ,C ⊗C
′)→HomccdgC (|)(T ,C )×HomccdgC (|)(T ,C
′)
definedbyh 7→ (πC ◦h ,πC ′◦h ).We show that the function is a bijection for everyT by
constructing its inverse. Givenmorphisms f :T →C , g : T →C ′ of ccdg-coalgebras,
define


f ,g

:= ( f ⊗ g ) ◦ÍT : T → C ⊗C
′. Then it is a morphism of ccdg-coalgebras
sinceÍT is cocommutative. It is obvious that 〈πC ◦h ,πC ′ ◦h〉= h ,πC ◦


f ,g

= f and
πC ′ ◦


f ,g

= g . Moreover, the above bijection is natural in T ∈ ccdgC (|). Therefore
we have constructed the claimed isomorphisms in eq. (3.1).
Let x1, x2 be the elements in P`(C ) that correspond to morphisms g1,g2 : C → Ω
of ccdg-coalgebras via the bijection P` (C ) ∼= P`Ω(C ). Then, by the Yoneda lemma,
µC (x1, x2) ∈ P`(C ) corresponds tomΩ ◦


g1,g2

= g1 ⋆C,Ω g2 ∈ P`Ω(C ), and e
C ∈ P`(C )
corresponds to uΩ ◦ εC ∈ P`Ω(C ). This shows that the bijection P`(C ) ∼= P`Ω(C ) is
an isomorphism of groups. Thus we have a natural isomorphism P ∼= PΩ of the
presheaves of groups on ccdgC (|). ⊓⊔
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Lemma 3.4. For everymorphismψ :Ω→Ω′ of ccdg-Hopf algebras we have a natural
transformationNψ :PΩ =⇒PΩ′ : ccdgC (|)  Grp defined such that its component
N Cψ :PΩ(C )−→PΩ′(C ) group homomorphism at each ccdg-coalgebraC isN
C
ψ (α) :=
ψ ◦α for all α ∈HomccdgC (|)
 
C ,Ω

. We also haveHomccdgH (|)
 
Ω,Ω′

∼=Nat
 
PΩ ,PΩ′

.
Proof. ForeveryC ,N Cψ is a grouphomomorphismsince,∀g1,g2 ∈HomccdgC (|)
 
C ,Ω

,
N Cψ (g1 ⋆C,Ω g2) =ψ ◦mΩ ◦ (g1⊗ g2) ◦ÍC =mΩ′ ◦ (ψ ◦ g1⊗ψ ◦ g2) ◦ÍC
=N Cψ (g1) ⋆C ,Ω′N
C
ψ (g2),
N Cψ (uΩ ◦εC ) =ψ ◦uΩ ◦εC = uΩ′ ◦εC .
For everymorphism f :C →C ′ of ccdg-coalgebraswehave,∀g ′ ∈HomccdgC (|)
 
C ′,Ω

,
N Cψ ◦PΩ( f )(g
′) =ψ ◦ (g ′◦ f ) = (ψ ◦ g ′) ◦ f =PΩ′ ( f )◦N
C ′
ψ (g
′).
ThereforeNψ ∈Nat
 
PΩ,PΩ′

wheneverψ ∈HomccdgH (|)
 
Ω,Ω′

. Combinedwith the
Yoneda lemma, we haveNat
 
PΩ ,PΩ′

∼=HomccdgH (|)
 
Ω,Ω′

. ⊓⊔
Lemma 3.5. Assume that
–
 
g (t ),χ (t )

,
 
g1(t ),χ1(t )

and
 
g2(t ),χ2(t )

arehomotopypairs inHomccdgC (|)(C ,Ω);
–
 
f (t ),λ(t )

is a homotopy pair in HomccdgC (|)(C ,C
′) and
 
g ′(t ),λ′(t )

is a homo-
topy pair inHomccdgC (|)(C
′,Ω);
–
 
ψ(t ),ξ(t )

is a homotopy pair inHomccdgH (|)(Ω,Ω
′).
Then we have following homotopy pairs
(a)
 
g1(t ) ⋆C,Ω g2(t ),χ1(t ) ⋆C,Ω g2(t ) + g1(t ) ⋆C,Ω χ2(t )

onHomccdgC (|)(C ,Ω).
(b)
 
ςΩ ◦ g (t ),ςΩ ◦χ (t )

onHomccdgC (|)(C ,Ω).
(c)
 
g ′(t ) ◦ f (t ),g ′(t ) ◦λ(t ) +χ ′(t ) ◦ f (t )

onHomccdgC (|)(C ,Ω).
(d)
 
ψ(t ) ◦ g (t ),ψ(t ) ◦χ (t ) +ξ(t ) ◦ g (t )

onHomccdgC (|)(C ,Ω
′).
Proof. These can be checked by routine computations, which are omitted for the
sake of space. ⊓⊔
Now we are ready for the proof of Theorem 3.1.
Proof (Theorem 3.1). After Lemmas 3.1, 3.2, 3.3, 3.4 and 3.5, we just need to check
few things to finish the proof.
1. We check that the groupPΩ(C ) is well defined for every ccdg-coalgebra C .
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– We have g1 ⋆C,Ω g2 ∼ g˜1 ⋆C,Ω g˜2 ∈ HomccdgC (|)
 
C ,Ω

whenever g1 ∼ g˜1,g2 ∼ g˜2 ∈
HomccdgC (|)
 
C ,Ω

: this follows from Lemma 3.5(a ).
– We have g −1 ∼ g˜ −1 ∈HomccdgC (|)
 
C ,Ω

whenever g ∼ g˜ ∈HomccdgC (|)
 
C ,Ω

: this
follows from Lemma 3.5(b ).
Also followed is that the homotopy type [g1 ⋆C,Ω g2] of g1 ⋆C,Ω g2 depends only on
the homotopy types [g1], [g2] ∈HomhoccdgC (|)
 
C ,Ω

of g1 and g2. Therefore the group
PΩ(C ) is well-defined.
2. We check that the homomorphism PΩ([ f ]) : PΩ(C
′) → PΩ(C ) of groups is well
defined for every [ f ] ∈HomhoccdgC (|)(C ,C
′). Let f ∼ f˜ ∈HomccdgC (|)(C ,C
′) and g ′ ∼
g˜ ′ ∈ HomccdgC (|)(C
′,Ω). Then, by Lemma 3.5(c ), we have g ◦ f ∼ g ◦ f˜ ∼ g˜ ◦ f ∼
g˜ ◦ f˜ ∈ HomccdgC (|)(C ,Ω) so that PΩ([ f ])([g ]) := [g ◦ f ] depends only on the ho-
motopy types [ f ] and [g ′] of arbitrary representatives f ∈ HomccdgC (|)
 
C ,C ′

and
g ′ ∈ HomccdgC (|)(C
′,Ω). Therefore PΩ([ f ]) is a well defined group homomorphism.
It is obvious that PΩ([ f ]) is an isomorphism of groups whenever f : C → C
′ is a
homotopy equivalence of ccdg-coalgebras.
3. We check that the natural transformation N[ψ] :PΩ =⇒PΩ′ : hoccdgC (|)  Grp
is well-defined for every [ψ] ∈ HomhoccdgH (|)
 
Ω,Ω′

. Let ψ ∼ ψ˜ ∈ HomccdgH (|)(Ω,Ω
′)
and g , g˜ ∈HomccdgC (|)(C ,Ω). Then, by Lemma 3.5(d ), we have
ψ ◦ g ∼ψ ◦ g˜ ∼ ψ˜ ◦ g ∼ ψ˜ ◦ g˜ ∈HomccdgC (|)(C ,Ω
′)
so that N C
[ψ]([g ]) := [ψ ◦ g ] for every ccdg-coalgebra C depends only on the homo-
topy types [ψ] and [g ] of arbitrary representatives ψ ∈ HomccdgH (|)
 
Ω,Ω′

and g ∈
HomccdgC (|)(C ,Ω). Therefore the natural transformation N[ψ] : PΩ =⇒PΩ′ is well-
defined such that N[ψ] ∈ Nat
 
PΩ ,PΩ′

whenever [ψ] ∈ HomhoccdgH (|)
 
Ω,Ω′

. Com-
bined with the Yoneda lemma, we have Nat
 
PΩ ,PΩ′

∼= HomhoccdgH (|)
 
Ω,Ω′

, i.e.,
the category of representable presheaves of groups on hoccdgC (|) over | is equiva-
lent to the homotopy category hoccdgH (|) of ccdg-Hopf algebras over|. It is obvious
thatN C
[ψ]
:PΩ(C )−→PΩ′ (C ) is an isomorphism of groups for every ccdg-coalgebra
C wheneverψ :Ω→Ω′ is a homotopy equivalence of ccdg-Hopf algebras. Therefore
N[ψ] is a natural isomorphism wheneverψ is a homotopy equivalence of ccdg-Hopf
algebras. ⊓⊔
3.1.1. P(|∨) action on the presheaf P` : hoccdgC (|)   Set . Remind that | has a
structure |∨ =
 
|,ε|,Í|, 0

of ccdg-coalgebra, which is a terminal object in the cate-
goryhoccdgC (|). Thereforewehave thegroupPΩ(|
∨), whichplays a special role. The
counit εC :C → | of every ccdg-coalgebra C is a morphism of ccdg-coalgebra to |
∨,
so that there is a canonical homomorphismPΩ([εC ]) :PΩ(|
∨)→PΩ(C ) of groups.
Consider the representable presheaf P`Ω : hoccdgC (|)  Set underlyingPΩ .
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Lemma 3.6. P`Ω : hoccdgC (|)  Set is a representable presheaf ofPΩ(|
∨)-sets on the
homotopy category of ccdg-coalgebras.
Proof. It is trivial to check that P`Ω(C ) is a PΩ(|
∨)-set for every ccdg-coalgebra C
with the action ρC :PΩ(|
∨)× P`Ω(C )
// P`Ω(C ) defined by
ρC
 
[g ], [α]

:= [g ◦εC ] ∗C,Ω [α] =

mΩ ◦
 
(g ◦εC )⊗α

◦ÍC

,
where g ∈HomccdgC (|)(|
∨,Ω) and α ∈HomccdgC (|)(C ,Ω) are arbitrary representative
of [g ] and [α] respectively, such that for every [ f ]∈HomhoccdgC (|)(C ,C
′) the following
diagram commutes
PΩ(|
∨)× P`Ω
 
C ′

I×P`Ω ([ f ])

ρC ′ // P`Ω
 
C ′

P`Ω ([ f ])

PΩ(|
∨)× P`Ω
 
C
 ρC // P`Ω C ,
i.e., ρC ◦ (I× P`Ω([ f ])) = P`Ω([ f ]) ◦ρC ′ .
⊓⊔
3.2. Presheaf of Lie algebras T PΩ : hoccdgC (|)  Lie (|)
For a ccdg-Hopf algebraΩwe construct a presheafT PΩ : hoccdgC (|)  Lie (|) of Lie
algebras on the homotopy category of ccdg-coalgebras such that we have a natural
isomorphism T PΩ ∼= T PΩ′ whenever we have a natural isomorphism PΩ ∼= PΩ′
or, equivalently, we have a homotopy equivalenceΩ ∼=Ω′ of ccdg-Hopf algebras. The
converse is not true in general.
Denoted byTHomccdgC (|)(C ,Ω), for each ccdg-coalgebra C , is the set of all tangential
morphisms of ccdg-coalgebras about the identity eC,Ω := uΩ ◦εC :
THomccdgC (|)(C ,Ω) :=

υ ∈Hom  C ,Ω0

∂C,Ωυ= 0,
εΩ ◦υ= 0,
ÍΩ ◦υ=
 
eC ,Ω ⊗υ+υ⊗ eC ,Ω

◦ÍC

 .
(3.2)
A homotopy pair
 
υ(t ),σ(t )

on THomccdgC (|)(C ,Ω) is a pair of υ(t ) ∈Hom
 
C ,Ω

0
[t ]
and λ(t ) ∈Hom
 
C ,Ω

1
[t ] satisfying the homotopy flow equation
d
d t
υ(t ) = ∂C,Ωσ(t )
generated byσ(t ) subject to the following conditions
υ(0) ∈ THomccdgC (|)(C ,Ω),

εΩ ◦λ(t ) = 0,
ÍΩ ◦λ(t ) =
 
eC,Ω ⊗σ(t ) +σ(t )⊗ eC,Ω

◦ÍC .
(3.3)
It is straightforward to check that υ(t ) is a family of tangential morphisms of ccdg-
coalgebras about the identity. We say υ, υ˜ ∈ THomccdgC (|)(C ,Ω) are homotopic, υ ∼
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υ˜, or having the same homotopy type, [υ] = [υ˜], if there is a homotopy flow con-
necting them. Denoted by THomhoccdgC (|)(C ,Ω) is the set of homotopy types of all
tangential morphisms of ccdg-coalgebras about the identity.
Theorem 3.2 (Definition). For each ccdg-Hopf algebra Ω we have a presheaf of Lie
algebras T PΩ : hoccdgC (|)  Lie (|) on the homotopy category of ccdg-coalgebras,
sending
– each ccdg-coalgebra C to the Lie algebra
T PΩ(C ) :=

THomhoccdgC (|)(C ,Ω), [−,−]∗C,Ω

with the Lie bracket defined by, ∀[υ1], [υ2] ∈ THomhoccdgC (|)(C ,Ω),
[υ1], [υ2]

∗C,Ω
:=

mΩ ◦ (υ1⊗υ2−υ2⊗υ1

◦ÍC

= [υ1] ∗C,Ω [υ2]− [υ2] ∗C,Ω [υ1],
where υ1,υ2 ∈ THomccdgC (|)
 
C ,Ω

are arbitrary representatives of the homotopy
types [υ1], [υ2], respectively.
– eachmorphism [ f ]∈HomhoccdgC (|)
 
C ,C ′

to themorphismT PΩ
 
[ f ]

: T PΩ
 
C ′

→
T PΩ
 
C

of Lie algebras defined by, ∀[υ′] ∈THomhoccdgC (|)
 
C ′,Ω

,
T PΩ([ f ])
 
[υ′]

:=

υ′ ◦ f

,
where f and υ′ are arbitrary representatives of the homotopy types [ f ] and [υ′],
respectively,
such that T PΩ([ f ]) is an isomorphism of Lie algebras whenever f : C → C
′ is a ho-
motopy equivalence of ccdg-coalgebras.
For every morphism [ψ] ∈ HomhoccdgH (|)
 
Ω,Ω′

we have a natural transformation
TN [ψ] : TPΩ =⇒ TPΩ′ : hoccdgC (|)  Lie (|), whose component TN
C
[ψ] :TPΩ(C )→
TPΩ′ (C ) at each ccdg-coalgebra C is defined by, ∀[υ] ∈ THomhoccdgC (|)
 
C ,Ω

,
TN C
[ψ]
 
[υ]

:=

ψ ◦υ

,
where ψ ∈ HomccdgH (|)
 
Ω,Ω′

and υ ∈ THomccdgC (|)
 
C ,Ω

are arbitrary represen-
tatives of the homotopy types [ψ] and [υ], respectively, such that TN [ψ] : T PΩ =⇒
TPΩ′ : hoccdgC (|)  Lie (|) is a natural isomorphism wheneverψ : Ω→ Ω
′ is a ho-
motopy equivalence of ccdg-Hopf algebras.
Forevery ccdg-Hopf algebraΩwedefineapresheafof Lie algebrasTPΩ : ccdgC (|) 
Lie (|) on ccdgC (|), which will induces T PΩ : hoccdgC (|)  Lie (|).
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Lemma 3.7. For each ccdg-Hopf algebra Ω we have a presheaf of Lie algebras TPΩ :
ccdgC (|)  Lie (|), sending each ccdg-coalgebra C to the Lie algebra
TPΩ(C ) :=

THomccdgC (|)(C ,Ω), [−,−]⋆C,Ω

,
where [υ1,υ2]⋆C,Ω :=υ1⋆C,Ωυ2−υ2⋆C,Ωυ1 for allυ1,υ2 ∈ THomccdgC (|)(C ,Ω), and each
morphism f : C → C ′ of ccdg-coalgebras to a Lie algebra homomorphism TPΩ( f ) :
TPΩ(C
′)→ TPΩ(C ) defined by TPΩ( f )(υ
′) =υ′ ◦ f , ∀υ′ ∈ THomccdgC (|)(C
′,Ω).
Proof. 1. We show that TPΩ(C ) is a Lie algebra as follows. It is suffice to check that
[υ1,υ2]⋆C,Ω ∈ THomccdgC (|)(C ,Ω) for every υ1,υ2 ∈ THomccdgC (|)(C ,Ω) since the con-
volution product ⋆C,Ω is associative. We have
∂C,Ω[υ1,υ2]⋆ =[∂C,Ωυ1,υ2]⋆+ [υ1,∂C,Ωυ2]⋆ = 0,
εΩ ◦ [υ1,υ2]⋆ =εΩ ◦mΩ ◦
 
[υ1,υ2]⊗

◦ÍC =mΩ ◦ (εΩ ⊗εΩ) ◦
 
[υ1,υ2]⊗

◦ÍC = 0,
ÍΩ ◦ [υ1,υ2]⋆ =ÍΩ ◦mΩ ◦
 
[υ1,υ2]⊗

◦ÍC
=mΩ⊗Ω ◦
 
ÍΩ ⊗ÍΩ

(υ1⊗υ2 −υ2⊗υ1

◦ÍC
=mΩ⊗Ω ◦

υ1⊗ e + e ⊗υ1,υ2⊗ e + e ⊗υ2

⊗
◦
 
ÍC ⊗ÍC

◦ÍC
=
 
mΩ ⊗mΩ

◦
 
[υ1,υ2]⊗⊗ e ⊗ e + e ⊗ e ⊗ [υ1,υ2]⊗

◦
 
ÍC ⊗ÍC

◦ÍC
=
 
[υ1,υ2]⋆⊗ e ⋆ e + e ⋆ e ⊗ [υ1,υ2]⋆

◦ÍC
=
 
[υ1,υ2]⋆⊗ e + e ⊗ [υ1,υ2]⋆

◦ÍC ,
where we have used the short-hand notations ⋆C,Ω = ⋆, uΩ ◦ εC = e and [υ1,υ2]⊗ =
υ1⊗υ2 −υ2⊗υ1.
2. We show that TPΩ( f ) : TPΩ(C
′) → TPΩ(C ) is a Lie algebra homomorphism as
follows. Tobeginwithweneed tocheck thatTPΩ( f )(υ
′) =υ′◦ f ∈ THomccdgC (|)(C ,Ω)
whenever υ′ ∈ THomccdgC (|)(C
′,Ω):
∂C,Ω(υ
′ ◦ f ) =∂Ω ◦υ
′ ◦ f −υ′ ◦ f ◦ ∂C =
 
∂Ω ◦υ
′−υ′ ◦ ∂C ′

◦ f = 0,
εΩ ◦ (υ
′ ◦ f ) =(εΩ ◦υ
′) ◦ f = 0,
ÍΩ ◦ (υ
′ ◦ f ) =
 
(uΩ ◦εC ′)⊗υ
′+υ′⊗ (uΩ ◦εC ′)

◦ÍC ′ ◦ f
=
 
(uΩ ◦εC ′)⊗υ
′+υ′⊗ (uΩ ◦εC ′)

◦ ( f ⊗ f ) ◦ÍC
=
 
(uΩ ◦εC )⊗υ
′ ◦ f +υ′ ◦ f ⊗ (uΩ ◦εC )

◦ÍC .
Then we check that TPΩ( f ) is a homomorphism of Lie algebras:
TPΩ( f )
 
[υ′1,υ
′
2]⋆C ′,Ω

=mΩ ◦ [υ
′
1,υ
′
2]⊗ ◦ÍC ′ ◦ f =mΩ ◦ [υ
′
1,υ
′
2]⊗ ◦ ( f ⊗ f ) ◦ÍC
=mΩ ◦ [υ
′
1 ◦ f ,υ
′
2 ◦ f ]⊗ ◦ÍC =

TPΩ( f )(υ
′
1),TPΩ( f )(υ
′
2)

⋆C,Ω
.
3. The functoriality of TPΩ is obvious. ⊓⊔
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Lemma 3.8. For everymorphismψ :Ω→Ω′ of ccdg-Hopf algebras we have a natural
transformation TNψ : TPΩ =⇒ TPΩ′ : ccdgC (|)  Lie (|), whose component TN
C
ψ :
TPΩ(C ) → TPΩ′ (C ) at each ccdg-coalgebra C is defined by TN
C
ψ (υ) := ψ ◦υ, ∀υ ∈
THomccdgC (|)
 
C ,Ω

.
Proof. 1. We show that TN Cψ : TPΩ(C )→ TPΩ′ (C ) is a Lie algebra homomorphism
for every ccdg-coalgebra C . We check that TN Cψ(υ) := ψ ◦υ ∈ THomccdgC (|)
 
C ′,Ω

for all υ ∈ THomccdgC (|)
 
C ,Ω

:
∂C,Ω′(ψ ◦υ) =∂Ω′ ◦ψ ◦υ−ψ ◦υ ◦ ∂C =ψ ◦
 
∂Ω ◦υ−υ ◦ ∂C

= 0,
εΩ′ ◦ (ψ ◦υ) =εΩ ◦υ= 0,
ÍΩ′ ◦ (ψ ◦υ) =(ψ⊗ψ) ◦ÍΩ ◦υ= (ψ⊗ψ) ◦
 
(uΩ ◦εC )⊗υ+υ⊗ (uΩ ◦εC )

◦ÍC
=
 
(uΩ′ ◦εC )⊗ψ ◦υ+ψ ◦υ⊗ (uΩ′ ◦εC )

◦ÍC .
Now we check that TN Cψ : TPΩ(C )→ TPΩ′ (C ) is a Lie algebra homomorphism: for
all υ1,υ2 ∈ THomccdgC (|)
 
C ,Ω

we have
TN Cψ
 
[υ1,υ2]⋆C,Ω

=ψ ◦mΩ ◦ [υ1,υ2]⊗ ◦ÍC =mΩ′ ◦ [ψ ◦υ1,ψ ◦υ2]⊗ ◦ÍC
=

TN Cψ (υ1),TN
C
ψ(υ2)

⋆C,Ω′
.
2. We show that TNψ : TPΩ =⇒ TPΩ′ : ccdgC (|)  Lie (|) is a natural transforma-
tion: For every morphism f : C → C ′ of ccdg-coalgebras we have TN Cψ ◦TPΩ( f ) =
TPΩ′( f ) ◦TN
C ′
ψ since for all υ
′ ∈ THomccdgC (|)
 
C ′,Ω

we obtain that
TN Cψ ◦TPΩ( f )(υ
′) =ψ ◦ (υ′◦ f ) = (ψ ◦υ′) ◦ f = TPΩ′ ( f ) ◦TN
C ′
ψ (υ
′).
⊓⊔
Lemma 3.9. Assume that
–
 
υ(t ),σ(t )

,
 
υ1(t ),σ1(t )

and
 
υ2(t ),σ2(t )

arehomotopypairs onTHomccdgC (|)(C ,Ω);
–
 
f (t ),λ(t )

is a homotopy pair onHomccdgC (|)(C ,C
′) and
 
υ′(t ),σ′(t )

is a homo-
topy pair on THomccdgC (|)(C
′,Ω);
–
 
ψ(t ),ξ(t )

is a homotopy pair onHomccdgH (|)(Ω,Ω
′).
Then we have the following homotopy pairs
(a)
 
υ1(t ),υ2(t )

⋆C,Ω
, [σ1(t ),υ2(t )]⋆C,Ω + [υ1(t ),σ2(t )]⋆C,Ω

on THomccdgC (|)(C ,Ω).
(b)

υ′(t ) ◦ f (t ),υ′(t ) ◦λ(t ) +σ′(t ) ◦ f (t )

on THomccdgC (|)(C ,Ω).
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(c)

ψ(t ) ◦υ(t ),ψ(t ) ◦σ(t ) +ξ(t ) ◦υ(t )

onHomccdgC (|)(C ,Ω
′).
Proof. These can be checked by routine computations, which are omitted for the
sake of space. ⊓⊔
Now we are ready for the proof of Theorem 3.2
Proof (Theorem 3.2). Based on Lemmas 3.7, 3.8 and 3.9, it is trivial to check that the
Lie algebra T PΩ(C ) is well-defined and TPΩ([ f ]) : TPΩ(C
′) → TPΩ(C ) is a well-
defined Lie algebra homomorphism, depending only on the homotopy type [ f ] of f .
Therefore TPΩ is a presheaf of Lie algebras on the homotopy category hoccdgC (|)
of ccdg-coalgebras as claimed, where the functoriality of TPΩ is obvious. It is also
obvious that TPΩ([ f ]) is an isomorphism of Lie algebras whenever f : C → C
′ is
a homotopy equivalence of ccdg-coalgebras. It also trivial to check that the natural
transformation TN [ψ] : TPΩ =⇒ TPΩ′ : hoccdgC (|)   Lie (|) is well-defined such
that TN [ψ] ∈Nat
 
TPΩ ,TPΩ′

whenever [ψ] ∈HomhoccdgH (|)
 
Ω,Ω′

. Finally it is ob-
vious that TN [ψ] is a natural isomorphism whenever ψ is a homotopy equivalence
of ccdg-Hopf algebra. ⊓⊔
Remind that the category of representable presheaves of groups on hoccdgC (|) is
equivalent to the homotopy category hoccdgH (|) of ccdg-Hopf algebras—Theorem
3.1. Therefore, the assignments PΩ 7→ TPΩ and N[ψ] 7→ TN [ψ] define a functor T
from the category of representable presheaves of groups on hoccdgC (|) to the cat-
egory of presheaves of Lie algebras on hoccdgC (|) such that TN [ψ] is a natural iso-
morphism wheneverN[ψ] is a natural isomorphism.
The following is obvious by definitions.
Corollary 3.1. If Ω is concentrated in degree zero, the group PΩ(|
∨) is the group of
group-like elements in Ω, and the Lie algebra TPΩ(|
∨) is the Lie algebra of primitive
elements in Ω.
3.3. Complete ccdg-Hopf algebras and an isomorphism `TPΩ ∼= P`Ω of
presheaves
Quillen has introduced the notion of complete cocommutative Hopf algebra to pro-
vide the Hopf algebra framework for the Malcev completion and groups defined
by the Baker-Campbell-Hausdorff formula as well as for the rationalized homotopy
groups of a pointed space [7]. For example, the |-rational group ring |Γ of an ab-
stract group Γ can completed by the powers of its augmentation ideal J to a com-
plete Hopf algebraÓ|Γ = lim
←−
|Γ/ J n+1. Then the set of primitive elements form a Lie
algebra L
 Ó|Γ , which has a bijective correspondence L Ó|Γ  exp .. G Ó|Γ 
ln
nn with the
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groupG
 Ó|Γ  of group-like elements.4 Quillen’s construction of complete Hopf alge-
bras can be easily generalized to dg setting.
Consider a ccdg-Hopf algebra Ω =
 
Ω,uΩ,mΩ,εΩ,ÍΩ ,ςΩ,∂Ω

.
We introduce some notations. Denote bym (n )Ω :Ω
⊗n →Ω,n ≥ 1, is the n-fold iterated
product generated bymΩ :Ω ⊗Ω→Ω such thatm
(1)
Ω = IΩ andm
(n+1)
Ω =mΩ ◦ (m
(n )
Ω ⊗
IΩ) ≡m
(n )
Ω ◦ (I
n−1
Ω ⊗mΩ

. Denote by m (n )Ω⊗Ω : (Ω ⊗Ω)
⊗n → Ω ⊗Ω, n ≥ 1, is the n-fold
iterated coproduct generated bymΩ⊗Ω = (mΩ⊗mΩ)◦(IΩ⊗τ⊗IΩ) : (Ω⊗Ω)⊗(Ω⊗Ω)→
Ω⊗Ω. Then we have
ÍΩ ◦m
(n )
Ω =m
(n )
Ω⊗Ω ◦ (ÍΩ ⊗ . . .⊗ÍΩ). (3.4)
The counit εΩ :Ω→ | is a canonical augmentation of Ω, since we have εΩ ◦uΩ = I|,
εΩ ◦mΩ =m| ◦
 
εΩ ⊗ εΩ

and εΩ ◦ ∂Ω = 0. Let I = KerεΩ be the augmentation ideal.
Then, we have a splitting Ω = | ·uΩ(1)⊕I and a decreasing filtration
Ω = I0 ⊃ I1 ⊃ I2 ⊃ I3 ⊃ · · · , (3.5)
where In := m (n )Ω (I ⊗ · · · ⊗ I). It is straightforward to check that every structure of
ccdg-Hopf algebra Ω is compatible with the above filtration. We can endow trivial
filtration on | and both uΩ : |→ Ω and εΩ : Ω → | are filtration preserving map. It
is obvious thatmΩ : I
i ⊗ I j → Ii+ j . From ∂Ω ◦ uΩ = εΩ ◦ ∂Ω = 0, we have ∂Ω : I→ I
and ∂Ω : I
n ⊂ In as ∂Ω is a derivation of mΩ . From εΩ ◦ ςΩ = εΩ we have ςΩ : I →
I and ςΩ : I
n → In since ςΩ is anti-homomorphism of mΩ . Finally, we have ÍΩ :
In →
⊕n
i+ j=n I
i ⊗I j , which can be checked as follows: we have ÍΩ : I
0→ I0 ⊗I0 by
definition andwe can deduce thatÍΩ : I
1→ I0⊗I1⊕I1⊗I0 from the counit property,
which is combinedwith the identity eq. (3.4) to show the rest. Then, Ωˆ = lim
←−
 
Ω

In+1

is a complete augmented dg-algebra with the decreasing filtration
Ωˆ = F 0(Ωˆ)⊃ F 1(Ωˆ)⊃ F 2(Ωˆ)⊃ · · · ,
where F n (Ωˆ) =Ker
 
Ωˆ→Ω/In+1

. We also have the extended coproduct
ÍˆΩ : Ωˆ→ Ωˆ⊗ˆΩˆ = lim←−

Ωˆ⊗Ωˆ
À
F n+1
 
Ωˆ⊗Ωˆ

,
where F n
 
Ωˆ⊗Ωˆ

=
⊕
i+ j=n F
i
 
Ωˆ

⊗F j
 
Ωˆ

, such that Ωˆ =
 
Ωˆ, uˆΩ ,mˆΩ, εˆΩ, ÍˆΩ, ςˆΩ, ∂ˆΩ

is
a ccdg-Hopf algebra.
4 The Malcev completion of Γ is isomorphic to G
 dQΓ . If the rational Abelianization Γ ab ⊗ZQ of Γ
is finite dimensional one can attach a pro-unipotent affine group scheme Γ uni : cA (|)  Grp , where
cA (|) denotes the category of commutative algebras, which is pro-represented by the linearly compact
dual commutative Hopf algebra toÓ|Γ . For Γ = π1(X∗), where X∗ is a 0-connected pointed finite type
space, Γ un =πun1 (X∗) is called the pro-unipotent fundamental group (scheme) of the space, which was
a starting point of the rational homotopy theory according to Sullivan—his paper [10] start with an
algebraic model of unipotent local system (private communication).
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LetΩ be a complete ccdg-Hopf algebra andPΩ : hoccdgC (|) Grp be the presheaf
of groups pro-represented by Ω. Let TPΩ : hoccdgC (|)   Lie (|) be the associated
presheaf of Lie algebras. Let
P`Ω =HomccdgC (|)(−,Ω) : hoccdgC (|)  Set ,
`TPΩ = THomccdgC (|)(−,Ω) : hoccdgC (|)  Set ,
be the underlying presheaves. The remaining part of this subsection is devoted to
the proof of the following.
Consider a ccdg-coalgebra C =
 
C ,εC ,ÍC ,∂C

. Denote by Í(n )C : C → C
⊗n , n ≥ 1, is
the n-fold iterated coproduct generated by the coproduct ÍC : C → C ⊗ C , where
Í
(1)
C = IC and Í
(n+1)
C = (Í
(n )
C ⊗ IC ) ◦ÍC ≡ (I
n−1
C ⊗ÍC ) ◦Í
(n )
C .
Theorem 3.3. For every complete ccdg-Hopf algebraΩ we have natural isomorphism
(exp, ln) of the presheaves `T PΩ
exp
)1
P`Ω
ln
iq : hoccdgC (|)  Set , whose component
(expC , lnC )at each ccdg-coalgebraC aredefinedas follows:∀[g ] ∈HomhoccdgC (|)
 
C ,Ω

and ∀[υ] ∈THomhoccdgC (|)
 
C ,Ω

,
expC
 
[υ]

:= [εC ◦uΩ]+
∞∑
n=1
1
n !

m
(n )
Ω ◦
 
υ⊗ˆ . . .⊗ˆυ

◦Í
(n )
C

,
lnC
 
[g ]

:=−
∞∑
n=1
(−1)n
n

m
(n )
Ω ◦
 
g¯ ⊗ˆ . . .⊗ˆg¯

◦Í
(n )
C

,
where g ∈ HomccdgC (|)
 
C ,Ω

and υ ∈ THomccdgC (|)
 
C ,Ω

are arbitrary representa-
tives of the homotopy types [g ] and [υ], respectively; and g¯ := g −uΩ ◦εC .
Remark 3.2. The above theorem implies that the presheaf of groups PΩ can be re-
covered from thepresheaf of Lie algebrasTPΩ using theBaker-Campbell-Hausdorff
formula. If I/I2 is finite dimensional we can dualizePΩ to obtain a pro-unipotent
affine group dg-scheme, which is a subject of the sequel to this paper.
We divide the proof into pieces.
Lemma 3.10. Let C be a ccdg-coalgebra. Then we have
(a) α1 ⋆C,Ω · · · ⋆C,Ω αn =m
(n )
Ω ◦ (α1⊗ˆ . . .⊗ˆαn ) ◦Í
(n )
C , ∀α1, . . . ,αn ∈Hom(C ,Ω) and n ≥ 1;
(b) Í
(n )
C⊗C ◦ÍC =
n︷ ︸︸ ︷
(ÍC⊗ . . .⊗ÍC )◦Í
(n )
C for all n ≥ 1.
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Proof. Theproperty (a) is trivial forn = 1, is thedefinitionof the convolutionproduct
⋆C,Ω for n = 2 and the rest can be checked easily using an induction. The property
(b) is trivial for n = 1, since Í(1)C⊗C := IC⊗C and Í
(1)
C := IC . For n = 2, from Í
(2)
C⊗C :=
ÍC⊗C = (IC ⊗τ⊗ IC ) ◦ (ÍC ⊗ÍC ) and Í
(2)
C =ÍC it becomes the identity (IC ⊗τ⊗ IC ) ◦
(ÍC ⊗ÍC ) ◦ÍC = (ÍC ⊗ÍC ) ◦ÍC , which is valid due to the cocommutativity of ÍC .
The rest can be checked easily by an induction. ⊓⊔
Lemma 3.11. We have (β1 ⋆C,Ω . . . ⋆C,Ω βn )(c ) ∈ I
n , n ≥ 1, for every c ∈ C whenever
βi ∈Hom(C ,Ω) has the property εΩ ◦βi = 0 for all i = 1, . . . ,n.
Proof. From εΩ ◦m
(n )
Ω =m
(n )
Ω ◦ (εΩ⊗ˆ . . .⊗ˆεΩ), we obtain that εΩ ◦
 
β1 ⋆C,Ω . . .⋆C,Ω βn

=
m
(n )
Ω ◦

εΩ ◦β1⊗ˆ . . .⊗ˆεΩ ◦βn

◦Í
(n )
C = 0. It follows that (β1 ⋆ . . .⋆βn )(c )∈ I
n for all c ∈C
since (β1 ⋆ . . .⋆βn )(c ) =
∑
(c )m
(n )
B

β1(c(1))⊗ˆ . . .⊗ˆβn (c(n ))

. ⊓⊔
Lemma 3.12. Let Ω be a complete ccdg-Hopf algebra. For any ccdg-coalgebra C , we
have an isomorphism THomccdgC (|)(C ,Ω)
expC
..
HomccdgC (|)(C ,Ω)
lnC
nn , where
– for all υ ∈ THomccdgC (|)(C ,Ω), we have
expC (υ) := uΩ ◦εC +
∞∑
n=1
1
n !
m
(n )
Ω ◦
 
υ⊗ˆ . . .⊗ˆυ

◦Í
(n )
C ∈HomccdgC (|)(C ,Ω)
– for all ∀g ∈HomccdgC (|)(C ,Ω), we have
lnC (g ) :=−
∞∑
n=1
(−1)n
n
m
(n )
Ω ◦
 
g¯ ⊗ˆ . . .⊗ˆg¯

◦Í
(n )
C ∈ THomccdgC (|)(C ,Ω),
such thatexpC (υ)∼ expC (υ˜) ∈HomccdgC (|)(C ,Ω)wheneverυ∼ υ˜ ∈ THomccdgC (|)(C ,Ω),
and lnC (g )∼ lnC (g˜ ) ∈THomccdgC (|)(C ,Ω)whenever g ∼ g˜ ∈HomccdgC (|)(C ,Ω).
Proof. We use some shorthand notations. We set e = uΩ ◦ εC . We also set ⋆ = ⋆C,Ω,
α⋆0 = e and α⋆n =
n︷ ︸︸ ︷
α⋆ . . .⋆α, n ≥ 1, for all α ∈ Hom(C ,Ω)0. Then, by Lemma 3.10(a),
we have
expC (υ) =e +
∞∑
n=1
1
n !
υ⋆n , lnC (g ) =−
∞∑
n=1
(−1)n
n
g¯ ⋆n . (3.6)
Remind that e ∈HomccdgC (|)(C ,Ω), i.e., ∂C,Ωe = 0, εΩ◦e = εC andÍΩ ◦e = (e ⊗ˆe

◦ÍC .
1. We have to justify that the infinite sums in the definition of expC and lnC make
sense. Note the εΩ ◦υ= 0 by definition. We also have εΩ ◦ g¯ = 0 since εΩ ◦g = εΩ ◦e =
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εC and g¯ = g −e . By Lemma 3.10, we haveυ
⋆n (c ), g¯ ⋆n (c )∈ In for all c ∈C and n ≥ 1.
Therefore both expC (υ) and lnC (g ) are well-defined.
2. We check that expC (υ) ∈HomccdgC (|)(C ,Ω) for every υ ∈ THomccdgC (|)(C ,Ω):
∂C,Ω exp
C (υ) = 0, εΩ ◦ exp
C (υ) = εC , ÍΩ ◦ exp
C (υ) =
 
expC (υ)⊗ˆexpC (υ)

◦ÍC .
The 1st relation is trivial since ∂C,Ω is a derivation of ⋆ and ∂C,Ωe = ∂C,Ωυ = 0. The
2nd relation is also trivial since εΩ ◦ e = εC and εΩ ◦υ
⋆n = (εΩ ◦υ)
⋆n = 0 for all n ≥ 1.
It remains to check the 3rd relation, which is equivalent to the following relations,
∀n ≥ 0,
ÍΩ ◦υ
⋆n =
n∑
k=0
n !
(n −k )!k !
 
υ⋆n−k ⊗ˆυ⋆k

◦ÍC . (3.7)
For n = 0 the above becomes ÍΩ ◦ e = (e ⊗ˆe

◦ÍC , which is true.
For cases with n ≥ 1, we adopt a new notation. Recall that
 
Ω⊗ˆΩ,uΩ⊗ˆΩ,mΩ⊗ˆΩ

is aZ-
graded associative algebra and
 
C⊗C ,εC⊗C ,ÍC⊗C

is aZ-graded coassociative coal-
gebra. Therefore we have aZ-graded associative algebra
 
Hom(C ⊗C ,Ω⊗ˆΩ),e ⊗ˆe ,✫

,
where χ1✫χ2 :=mΩ⊗ˆΩ ◦ (χ1⊗ˆχ2) ◦ÍC⊗C , ∀χ1,χ2 ∈ Hom(C ⊗C ,Ω⊗ˆΩ). We also have,
for all n ≥ 1 and χ1, . . . ,χn ∈Hom(C ⊗C ,Ω⊗ˆΩ),
χ1✫ . . .✫χn =m
(n )
Ω⊗ˆΩ
◦ (χ1⊗ˆ . . .⊗ˆχn ) ◦Í
(n )
C⊗C . (3.8)
For example, consider α1,α2,β1,β2 ∈ Hom(C ,Ω) so that α1⊗ˆα2,β1⊗ˆβ2 ∈ Hom(C ⊗
C ,Ω⊗ˆΩ). Then we have (α1⊗ˆβ1)✫(α2⊗ˆβ2) = (−1)
|β1||α2|α1 ⋆α2⊗ˆβ1 ⋆β2.
It follows that (υ⊗ˆe )✫(e ⊗ˆυ) = (e ⊗ˆυ)✫(υ⊗ˆe ) since the both terms are υ⊗ˆυ. We also
have (υ⊗ˆe )✫n =υ⋆n ⊗ˆe and (e ⊗ˆυ)✫n = e ⊗ˆυ⋆n . Combined with the binomial identity,
we obtain that, ∀n ≥ 1,
(υ⊗ˆe + e ⊗ˆυ)✫n =
n∑
k=0
n !
(n −k )!k !
 
υ⋆n−k ⊗ˆυ⋆k

.
Therefore the RHS of eq. (3.7) becomes
RHS=(υ⊗ˆe + e ⊗ˆυ)✫n ◦ÍC =m
(n )
Ω⊗ˆΩ
◦
 
υ⊗ˆe + e ⊗ˆυ
⊗ˆn
◦Í
(n )
C⊗C ◦ÍC
=m
(n )
Ω⊗ˆΩ
◦
 
υ⊗ˆe + e ⊗ˆυ
⊗ˆn
◦ (ÍC ⊗ . . .⊗ÍC ) ◦Í
(n )
C ,
where we use Lemma 3.10(b) for the last equality. Consider the LHS of eq. (3.7):
LHS=ÍΩ ◦υ
⋆n =ÍΩ ◦m
(n )
Ω ◦ (υ⊗ˆ . . .⊗ˆυ) ◦Í
(n )
C =m
(n )
Ω⊗ˆΩ
◦ (ÍΩ ◦υ⊗ˆ . . .⊗ˆÍΩ ◦υ) ◦Í
(n )
C
=m
(n )
Ω⊗ˆΩ
◦
 
υ⊗ˆe + e ⊗ˆυ
⊗ˆn
◦ (ÍΩ⊗ˆ . . .⊗ˆÍΩ) ◦Í
(n )
C ,
wherewe use eq. (3.4) for the 3rd equality and the propertyÍΩ ◦υ= (υ⊗ˆe +e ⊗ˆυ)◦ÍC
for the last equality. Therefore we conclude thatÍΩ ◦exp
C (υ) =
 
expC (υ)⊗ˆexpC (υ)

◦
ÍC .
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2. We check that lnC (g ) ∈ THomccdgC (|)(C ,Ω) for every g ∈HomccdgC (|)(C ,Ω):
∂C,Ω ln
C (g ) = 0, εΩ ◦ ln
C (g ) = 0, ÍΩ ◦ ln
C (g ) =
 
lnC (g )⊗ˆe + e ⊗ˆ lnC (g )

◦ÍC .
The 1st relation is obvious since ∂C,Ω(g¯ ) = ∂C,Ωg − ∂C,Ωe = 0 and ∂C,Ω is a derivation
of ⋆. The 2nd relation is also obvious since εΩ ◦ g¯
⋆n = (εΩ ◦ g¯ )
⋆n = 0 for all n ≥ 1.
Therefore it remains to check the 3rd relation.
Define lnC
✫
(χ ) = −
∑∞
n=1
(−1)n
n
(χ − e ⊗ˆe )✫n for all χ ∈ Hom(C⊗C ,Ω⊗ˆΩ) satisfying
(εΩ⊗ˆεΩ) ◦χ = εC ⊗ˆεC . Then, we have
lnC
✫
(g ⊗ˆe ) =−
∞∑
n=1
(−1)n
n
(g ⊗ˆe − e ⊗ˆe )✫n =−
∞∑
n=1
(−1)n
n
(g¯ ⊗ˆe )✫n = lnC (g )⊗ˆe ,
and, similarly, e ⊗ˆ lnC (g ) = lnC
✫
(g ⊗ˆe ). Therefore, we have
lnC (g )⊗ˆe + e ⊗ˆ lnC (g ) = lnC
✫
(g ⊗ˆe ) + lnC
✫
(e ⊗ˆg ) = lnC
✫
 
(g ⊗ˆe )✫(e ⊗ˆg )

= lnC
✫
(g ⊗ˆg ).
On the other hand, we have
ÍΩ ◦ g¯
⋆n =ÍΩ ◦m
(n )
Ω ◦ g¯
⊗ˆn ◦Í
(n )
C =m
(n )
Ω⊗ˆΩ
◦ (ÍΩ⊗ˆ . . .⊗ˆÍΩ) ◦ g¯
⊗ˆn ◦Í
(n )
C
=m
(n )
Ω⊗ˆΩ
◦ (g ⊗ˆg − e ⊗ˆe )⊗ˆn ◦ (ÍC ⊗ . . .⊗ÍC ) ◦Í
(n )
C
=m
(n )
Ω⊗ˆΩ
◦ (g ⊗ˆg − e ⊗ˆe )⊗ˆn ◦Í
(n )
C⊗C ◦ÍC
=(g ⊗ˆg − e ⊗ˆe )✫n ◦ÍC ,
where we have used ÍΩ ◦ g¯ =ÍΩ ◦g −ÍΩ ◦ e = (g ⊗ˆg − e ⊗ˆe ) ◦ÍΩ for the 3rd equality.
Therefore, we obtain that
ÍΩ ◦ ln
C (g ) =−
∞∑
n=1
(−1)n
n
(g ⊗ˆg − e ⊗ˆe )✫n ◦ÍC = ln
C
✫
(g ⊗ˆg ) ◦ÍC
=

lnC (g )⊗ˆe + e ⊗ˆ lnC (g )

◦ÍC .
3. It is obvious now that lnC
 
expC (υ)

= υ and expC
 
lnC (g )

= g . Hence (expC , lnC )
is an isomorphism.
4. Let υ ∼ υ˜ ∈ THomccdgC (|)(C ,Ω). Then we have a corresponding homotopy pair 
υ(t ),σ(t )

on THomccdgC (|)(C ,Ω) such that υ(0) =υ and υ(1) = υ˜. Let
g (t ) :=expC
 
υ(t )

,
λ(t ) :=
∞∑
n=1
n∑
j=1
1
n !
υ(t )⋆ j−1 ⋆σ(t ) ⋆υ(t )⋆n− j .
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Then it is trivial to check that
 
g (t ),λ(t )

is a homotopy pair onHomccdgC (|)(C ,Ω), so
that expC (υ) = g (0)∼ g (1) = expC (υ˜) ∈HomccdgC (|)(C ,Ω).
5. Let g ∼ g˜ ∈HomccdgC (|)(C ,Ω) and
 
g (t ),λ(t )

be the corresponding homotopy pair
onHomccdgC (|)(C ,Ω) such that g (0) = g and g (1) = g˜ . Let
v (t ) := lnC
 
g (t )

,
σ(t ) :=−
∞∑
n=1
n∑
j=1
(−1)n
n
g¯ (t )⋆ j−1 ⋆λ(t ) ⋆ g¯ (t )⋆n− j .
Then it is trivial to check that
 
υ(t ),σ(t )

is a homotopy pair on THomccdgC (|)(C ,Ω),
so that lnC (g ) =υ(0)∼υ(1) = lnC (g˜ ) ∈ THomccdgC (|)(C ,Ω). ⊓⊔
Lemma 3.13. Let Ω be a complete ccdg-Hopf algebra. Then we have a natural iso-
morphism `TPΩ
exp
'/
P`Ω
ln
hp : ccdgC (|)   Set of presheaves on ccdgC (|), whose
component at each ccdg-coalgebra C is (expC , lnC ) defined in Lemma 3.12.
Proof. Wehave shown that `TPΩ(C )
expC
,,
P`Ω(C )
lnC
mm is an isomorphism for every ccdg-
coalgebra C . It remains to check the naturalness that for everymorphism f :C →C ′
of ccdg-coalgebras the diagrams are commutative:
`TPΩ(C
′)
expC
′

`TPΩ ( f ) // `TPΩ(C )
expC

P`Ω(C
′)
P`Ω ( f )
// P`Ω(C )
, P`Ω(C
′)
lnC
′

P`Ω ( f ) // P`Ω(C )
lnC

`TPΩ(C
′)
`TPΩ ( f )
// `TPΩ(C )
.
That is, P`Ω( f ) ◦ exp
C ′ = expC ◦ `TPΩ( f ) and `TPΩ( f ) ◦ ln
C ′ = lnC ◦P`Ω( f ). These are
straightforward since for every υ′ ∈ `TPΩ(C
′) we have
P`Ω( f )

expC
′
(υ′)

= expC
′
(υ′) ◦ f = uΩ ◦εC ′ ◦ f +
∞∑
n=1
1
n !
m
(n )
Ω ◦
 
υ′⊗ˆ . . .⊗ˆυ′

◦Í
(n )
C ′ ◦ f
= uΩ ◦εC +
∞∑
n=1
1
n !
m
(n )
Ω ◦
 
υ′ ◦ f ⊗ˆ . . .⊗ˆυ′ ◦ f

◦Í
(n )
C = exp
C (υ′ ◦ f )
= expC
 
`TPΩ( f )(υ
′)

.
The naturalness of ln can be checked similarly. ⊓⊔
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Proof (Theorem 3.3). We note that the components `T PΩ(C )
expC
--
P`Ω(C )
lnC
nn of exp
and ln at every ccdg-coalgebra C are defined such that expC
 
[υ]

=

expC (υ)

and
lnC
 
[g ]

=

lnC (g )

. Due to Lemma3.12, they arewell defined, depending only on the
homotopy types ofυ and g , isomorphisms for every ccdg-coalgebra C . It remains to
check the naturalness of exp and ln that for every [ f ] ∈HomhoccdgC (|)(C ,C
′) the fol-
lowing diagrams commute
`TPΩ(C
′)
expC
′

`TPΩ ([ f ]) // `TPΩ(C )
expC

P`Ω(C
′)
P`Ω ([ f ]) // P`Ω(C )
, P`Ω(C
′)
lnC
′

P`Ω ([ f ]) // P`Ω(C )
lnC

`TPΩ(C
′)
`TPΩ ([ f ]) // `TPΩ(C )
.
Here we will check the naturalness of exp only, since the proof is similar of ln.
Let f ∈ HomccdgC (|)(C ,C
′) be an arbitrary representative of [ f ]. Consider any [υ′] ∈
THomhoccdgC (|)(C
′,Ω) and let υ′ ∈ THomccdgC (|)(C
′,Ω) be an arbitrary representa-
tive of [υ′]. Then it is straightforward to check that the homotopy type [υ′ ◦ f ] of
υ′ ◦ f ∈ THomccdgC (|)(C ,Ω) depends only on [ f ] and [υ
′]. From Lemma 3.13, it also
follow that the homotopy type

expC (υ′ ◦ f )

of expC (υ′ ◦ f ) ∈HomccdgC (|)(C ,Ω) de-
pends only on [ f ] and [υ′]. It is also obvious that the homotopy type

expC
′
(υ′) ◦ f

of expC
′
(υ′)◦ f ∈HomccdgC (|)(C ,Ω) depends only on [ f ] and [υ
′]. Combinedwith the
identity expC
′
(υ′) ◦ f = expC (υ′ ◦ f ) in the proof of Lemma 3.13, we have
P`Ω([ f ])

expC
′
([υ′])

=

expC
′
(υ′) ◦ f

=

expC (υ′ ◦ f )

= expC
 
`TPΩ([ f ])([υ
′])

.
Hence exp : `T PΩ⇒ P`Ω : hoccdgC (|)  Set is a natural isomorphism. ⊓⊔
4. Linear representation of a representable presheaf of groups
Throughout this section we fix a ccdg-Hopf algebra Ω = (Ω,uΩ,mΩ,εΩ,ÍΩ ,ςΩ,∂Ω).
We define a linear representation of the presheaf of groupsPΩ : hoccdgC (|)  Grp
on thehomotopy categoryhoccdgC (|)of ccdg-coalgebras via a linear representation
of the associated presheaf of groups PΩ : ccdgC (|)  Grp on the category ccdgC (|)
of ccdg-coalgebras. Remind thatPΩ is represented byΩ and inducesPΩ on the ho-
motopy category hoccdgC (|).
The linear representations ofPΩ form a dg-tensor category Rep (PΩ), which shall be
isomorphic to the dg-tensor category dgMod L (Ω) of left dg-modules over Ω. Work-
ing with the linear representations ofPΩ instead of the linear representations ofPΩ
will be a crucial step for a Tannakian reconstruction ofPΩ .
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4.1. Preliminary
Our main concern here is a dg-tensor category formed by cofree left dg-comodules
over a ccdg-coalgebra C = (C ,εC ,ÍC ,∂C ). We shall need the following basic lemma,
which is due to the defining properties of dg-coalgebraC .
Lemma 4.1. For every pair (M ,N ) of chain complexes we have an exact sequence of
chain complexes
0 // Hom
 
C ⊗M ,N
 pˇ
// Hom
 
C ⊗M ,C ⊗N

qˇ
ll
rˇ // Hom
 
C ⊗M ,C ⊗C ⊗N

,
sˇ
mm
where ∀αi+1 ∈Hom
 
C ⊗M ,C ⊗i ⊗N

, i = 0,1,2,
pˇ(α1) := (IC ⊗α1) ◦ (ÍC ⊗ IM ),
qˇ(α2) := ıN ◦ (εC ⊗ IN ) ◦α2,
rˇ(α2) := (ÍC ⊗ IN ) ◦α2− (IC ⊗α2) ◦ (ÍC ⊗ IM ),
sˇ(α3) := ıN ◦ (IC ⊗εC ⊗ IN ) ◦α3,
(4.1)
such that
rˇ ◦ pˇ= 0, qˇ ◦ pˇ= IHom(C⊗M ,N ), pˇ ◦ qˇ+ sˇ ◦ rˇ= IHom(C⊗M ,C⊗N ). (4.2)
Remind that a left dg-comodule (M ,ρM ) over a ccdg-coalgebra C is a chain complex
M = (M ,∂M ) together with a chainmap ρM :M →C ⊗M , called a coaction, making
the following diagrams commute
M
ρM

ρM // C ⊗M
IC⊗ρM

C ⊗M
ÍC⊗IM // C ⊗C ⊗M
, M
ı−1M %%▲
▲
▲
▲
▲
▲
▲
▲
▲
▲
ρM // C ⊗M
εC⊗IM

|⊗M
. (4.3)
For every chain complexM we have a cofree left dg-comodule (C ⊗M ,ÍC ⊗IM ) over
C with the cofree coaction C ⊗M
ÍC⊗IM // C ⊗C ⊗M . We can form a dg-category
dgComod
cofr
L (C ) of cofree left dg-comodules over C , whose the set of morphisms
from (C⊗M ,ÍC⊗IM ) to (C⊗N ,ÍC⊗IM ) is HomÍC
 
C⊗M ,C⊗N

with the differential
∂C⊗M,C⊗N , where HomÍC
 
C ⊗M ,C⊗N

is the set of every |-linear map ϕ :C ⊗M →
C ⊗N making the following diagram commutative
C ⊗M
ϕ

ÍC⊗IM // C ⊗C ⊗M
IC⊗ϕ

C ⊗N
ÍC⊗IN
// C ⊗C ⊗N
, i.e., (ÍC ⊗ IN )◦ϕ = (IC ⊗ϕ)◦ (ÍC ⊗ IM )⇐⇒ rˇ(ϕ) = 0.
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Corollary 4.1. There is abijection pˇ : Hom(C ⊗M ,N )
//
HomÍC
 
C ⊗M ,C ⊗N

: qˇnn .
By Lemma 4.1, we can check that HomÍC
 
C⊗M ,C⊗M ′

is a chain complex with the
differential ∂C⊗M ,C⊗M ′ andϕ′ ◦ϕ ∈HomÍC
 
C⊗M ,C⊗M ′′

wheneverϕ ∈HomÍC
 
C⊗
M ,C⊗M ′

andϕ′ ∈HomÍC
 
C⊗M ′,C⊗M ′′

. It is obvious that differentials are deriva-
tionsof the compositionoperation. Therefore,dgComod
cofr
L (C ) is adg-category.
Lemma 4.2 (Definition).Thedg-categorydgComod
cofr
L (C ) is adg-tensor categorywith
the following tensor structure.
1. The tensor product of cofree left dg-comodules (C ⊗M ,ÍC ⊗IM ) and (C ⊗M
′,ÍC ⊗
IM ′ ) over C is the cofree left dg-comodule
 
C ⊗M ⊗M ′,ÍC ⊗ IM⊗M ′

over C , and
(C ⊗|,ÍC ⊗ I|) is the unit object.
2. The tensor product ofmorphismsϕ ∈HomÍC
 
C ⊗M ,C ⊗N

andϕ′ ∈HomÍC
 
C ⊗
M ′,C ⊗N ′

is the morphism ϕ⊗ÍC ϕ
′ ∈HomÍC
 
C ⊗M ⊗M ′,C ⊗N ⊗N ′

, where
ϕ⊗ÍCϕ
′ :=
 
ϕ⊗ qˇ(ϕ′)

◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍC ⊗ IM ⊗ IM ′ )
C⊗M⊗M ′
ÍC⊗IM⊗IM ′// C⊗C⊗M⊗M ′
IC⊗τ⊗IM ′ // C⊗M⊗C⊗M ′
ϕ⊗qˇ(ϕ′)
// C⊗N ′⊗N ′.
Equivalently,ϕ⊗ÍC ϕ
′ is determined by the following equality:
qˇ(ϕ⊗ÍC ϕ
′) =
 
qˇ(ϕ)⊗ qˇ(ϕ′)

◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍC ⊗ IM⊗M ′ ) :C ⊗M ⊗M
′→N ⊗N ′.
3. ∂C⊗M⊗M ′ ,C⊗N⊗N ′
 
ϕ⊗ÍC ϕ
′

= ∂C⊗M,C⊗Nϕ⊗ÍC ϕ
′+ (−1)|ϕ|ϕ⊗ÍC ∂C⊗M ′,C⊗N ′ϕ
′.
Proof. Property 1 is obvious. Forproperty 2, it is straightforward tocheck that rˇ(ϕ⊗ÍC
ϕ′) = 0 whenever rˇ(ϕ) = rˇ(ϕ′) = 0. Property 3 can be checked by a straightforward
computation. ⊓⊔
Lemma 4.3. We have a dg-tensor functor C⊗ : Ch (|)   dgComod
cofr
L (C ) for every
ccdg-coalgebra C
C ⊗

M
ψ
// M ′

 

(C ⊗M ,ÍC ⊗ IM )
IC⊗ψ // (C ⊗M ′,ÍC ⊗ IM ′ )

.
Proof. It is obvious that C⊗ is a dg-functor whose tensor property follows from the
easy identity (IC ⊗ψ)⊗ÍC (IC ⊗ψ
′) = IC ⊗ψ⊗ψ
′ : C ⊗M ⊗N → C ⊗M ′ ⊗N ′ for all
linear mapsψ :M →N andψ′ :M ′→N ′. ⊓⊔
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4.2. Linear representations and their dg-tensor category
For every ccdg-coalgebra C , we have the following constructions.
1. Let EndÍC (C ⊗M ) :=HomÍC (C ⊗M ,C ⊗M ), which is the Z-graded vector space
of linear maps ϕ : C ⊗M → C ⊗M satisfying (ÍC ⊗ IM ) ◦ϕ = (IC ⊗ϕ) ◦ (ÍC ⊗ IM ).
Then we have a dg-algebra
EM (C ) =
 
EndÍC (C ⊗M ),IC⊗M ,◦,∂C⊗M ,C⊗M

. (4.4)
2. Let Z0AutÍC (C ⊗M ) be the subset of EndÍC (C ⊗M ) consisting every degree zero
elementϕ that has a composition inverseϕ−1 and satisfies ∂C⊗M ,C⊗Mϕ = 0. Then
we have a group
GℓM (C ) :=
 
Z0AutÍC (C ⊗M ),IC⊗M ,◦

. (4.5)
3. Let H0AutÍC (C ⊗M ) be the set of homology classes of elements in Z0AutÍC (C ⊗
M ) that ϕ, ϕ˜ ∈ Z0AutÍC (C ⊗M ) belongs to the same homology class ϕ ∼ ϕ˜, i.e.,
[ϕ] = [ϕ˜] ∈ H0AutÍC (C ⊗M ), if ϕ˜ −ϕ = ∂C⊗M ,C⊗Mλ for some λ ∈ EndÍC (C ⊗M ).
We can check that ϕ1 ◦ϕ2 ∼ ϕ˜1 ◦ ϕ˜2 ∈ Z0AutÍC (C ⊗M ) whenever ϕ1 ∼ ϕ˜1,ϕ2 ∼
ϕ˜2 ∈ Z0AutÍC (C ⊗M ), and the ϕ
−1 ∼ ϕ˜−1 ∈ Z0AutÍC (C ⊗M ) whenever ϕ ∼ ϕ˜ ∈
Z0AutÍC (C ⊗M ). Let [ϕ1] ⋄ [ϕ2] := [ϕ1 ◦ϕ2] and [ϕ]
−1 := [ϕ−1]. Then we have a
group
GlM (C ) :=
 
H0AutÍC (C ⊗M ), [I]C⊗M ,⋄

. (4.6)
The above constructions are functorial .
Lemma 4.4. For every chain complex M we have a functor EM : ccdgC (|)  dgA (|),
sending each ccdg-coalgebra C to the dg-algebra EM (C ), and eachmorphism f :C →
C ′ of ccdg-coalgebras to a morphism EM ( f ) : EM (C
′)→ EM (C ) of dg-algebras defined
by, ∀ϕ′ ∈ E`M (C
′) = EndÍC ′(C
′⊗M ),
EM ( f )(ϕ
′) :=pˇ

qˇ
 
ϕ′

◦ ( f ⊗ IM )

=
 
IC ⊗ qˇ(ϕ
′)

◦ (IC ⊗ f ⊗ IM ) ◦ (ÍC ⊗ IM )
=
 
IC ⊗ ıM ◦ (εC ′ ⊗ IM ) ◦ϕ
′

◦ (IC ⊗ f ⊗ IM ) ◦ (ÍC ⊗ IM )
: C ⊗M
ÍC⊗IM // C ⊗C ⊗M
IC⊗ f ⊗IM // C ⊗C ′⊗M
IC⊗qˇ(ϕ
′)
// C ⊗M .
That is, we have EM ( f )(ϕ
′) ∈ E`M (C ) = EndÍC (C ⊗M ), and
(a) EM ( f )(IC ′⊗M ) = IC⊗M ;
(b) EM ( f )
 
ϕ′1 ◦ϕ
′
2

=EM ( f )
 
ϕ′1

◦EM ( f )
 
ϕ′2

;
(c) EM ( f ) ◦ ∂C ′⊗M ,C ′⊗M = ∂C⊗M ,C⊗M ◦EM ( f ).
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Proof. Wealreadyknow thatEM (C ) is adg-algebra eq. (4.4).Wecheck thatEM ( f )(ϕ
′) ∈
EndÍC (C ⊗M ), i.e., rˇ
 
EM ( f )(ϕ
′)

= 0. We have
rˇ
 
EM ( f )(ϕ
′)

:=(ÍC ⊗ IM ′ ) ◦ (IC ⊗ qˇ(ϕ
′)) ◦ (IC ⊗ f ⊗ IM ) ◦ (ÍC ⊗ IM )
− (IC ⊗ IC ⊗ qˇ(ϕ
′)) ◦ (IC ⊗ IC ⊗ f ⊗ IM ) ◦ (IC ⊗ÍC ⊗ IM ) ◦ (ÍC ⊗ IM )
=0,
whereweused the coassociativityofÍC . It remains to show thatEM ( f ) is amorphism
ofdg-algebras—theproperties (a ), (b )and (c ). Remind that qˇ(ϕ′) := ıM ◦(εC ′⊗IM )◦ϕ
′.
For the property (a ), we have
EM ( f )(IC ′⊗M ) :=(IC ⊗ ıM ◦ (εC ′ ⊗ IM )) ◦ (IC ⊗ f ⊗ IM ) ◦ (ÍC ⊗ IM ) = IC⊗M ,
where we have used εC ′ ◦ f = εC and the counit property ofÍC . For the property (b ),
we have
EM ( f )(ϕ
′
1) ◦EM ( f )(ϕ
′
2) := (IC ⊗ ıM ◦ (εC ′ ⊗ IM ) ◦ϕ
′
1) ◦ (IC ⊗ f ⊗ IM ) ◦ (ÍC ⊗ IM )
◦ (IC ⊗ ıM ◦ (εC ′ ⊗ IM ) ◦ϕ
′
2) ◦ (IC ⊗ f ⊗ IM ) ◦ (ÍC ⊗ IM )
=(IC ⊗ ıM ◦ (εC ′ ⊗ IM ) ◦ϕ
′
1) ◦ (IC ⊗ f ⊗ IM ) ◦ (IC ⊗ IC ⊗ ıM ◦ (εC ′ ⊗ IM ) ◦ϕ
′
2)
◦ (IC ⊗ IC ⊗ f ⊗ IM ) ◦
 
(ÍC ⊗ IC ) ◦ÍC ⊗ IM

=(IC ⊗ ıM ◦ (εC ′ ⊗ IM ) ◦ϕ
′
1) ◦ (IC ⊗ IC ′ ⊗ ıM ◦ (εC ′ ⊗ IM )) ◦ (IC ⊗ IC ′ ⊗ϕ
′
2)
◦
 
IC ⊗ ( f ⊗ f ) ◦ÍC ⊗ IM

◦ (ÍC ⊗ IM )
=(IC ⊗ ıM ◦ (εC ′ ⊗ IM ) ◦ϕ
′
1) ◦ (IC ⊗ IC ′ ⊗ ıM ◦ (εC ′ ⊗ IM ))
◦
 
IC ⊗ (IC ′ ⊗ϕ
′
2) ◦ (ÍC ′ ⊗ IM )

◦ (IC ⊗ f ⊗ IM ) ◦ (ÍC ⊗ IM )
=(IC ⊗ ıM ◦ (εC ′ ⊗ IM ) ◦ϕ
′
1) ◦ (IC ⊗ IC ′ ⊗ ıM ) ◦
 
IC ⊗ (IC ′ ⊗εC ′ ) ◦ÍC ′ ⊗ IM

◦ (IC ⊗ϕ
′
2) ◦ (IC ⊗ f ⊗ IM ) ◦ (ÍC ⊗ IM )
=(IC ⊗ ıM ◦ (εC ′ ⊗ IM ) ◦ϕ
′
1 ◦ϕ
′
2) ◦ (IC ⊗ f ⊗ IM ) ◦ (ÍC ⊗ IM )
=EM ( f )
 
ϕ′1 ◦ϕ
′
2

,
wherewehaveused the coassociativity ofÍC for the 3rd equality, f being a coalgebra
map for the 4th equality,ϕ′2 ∈ EndÍC ′(C
′⊗M ) that (IC ′⊗ϕ
′
2)◦(ÍC ′⊗IM ) = (ÍC ′⊗IM )◦ϕ
′
2
for the 5th equality and the counit property of ÍC ′ for the 6th equality, while all the
other moves are plain. For the property (c ), we have
∂C⊗M ,C⊗M

EM ( f )(ϕ
′)

:= ∂C⊗M ◦
 
IC ⊗ ıM ◦ (εC ′ ⊗ IM ) ◦ϕ
′

◦ (IC ⊗ f ⊗ IM ) ◦ (ÍC ⊗ IM )
− (−1)|ϕ
′|
 
IC ⊗ ıM ◦ (εC ′ ⊗ IM ) ◦ϕ
′

◦ (IC ⊗ f ⊗ IM ) ◦ (ÍC ⊗ IM ) ◦ ∂C⊗M
=EM ( f )

∂C⊗M ◦ϕ
′

− (−1)ϕ
′
EM ( f )

ϕ′ ◦ ∂C⊗M

=EM ( f )

∂C⊗M ,C⊗Mϕ
′

,
where we have used properties that ∂C is a coderivation of ÍC and f : C → C
′ is a
chain map, together with some obvious moves and cancelations. ⊓⊔
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Lemma 4.5. For every chain complex M we have a presheaf of groups
GℓM : ccdgC (|) Grp ,
sending each ccdg-coalgebra C to the group GℓM (C ) and each morphism f : C → C
′
of ccdg-coalgebras to a homomorphismGℓM ( f ) :GℓM (C
′)→GℓM (C ) of groups defined
by GℓM ( f ) :=EM ( f ). Moreover, we have
(a) GℓM ( f˜ )(ϕ
′)∼GℓM ( f )(ϕ
′) ∈ Z0AutÍC (C ⊗M ) for allϕ
′ ∈ Z0AutÍC ′(C
′⊗M )whenever
f ∼ f˜ ∈HomccdgC (|)(C ,C
′), and
(b) GℓM ( f )(ϕ˜
′) ∼ GℓM ( f )(ϕ
′) ∈ Z0AutÍC (C ⊗M ) for all f ∈ HomccdgC (|)(C ,C
′) when-
everϕ′ ∼ ϕ˜′ ∈ Z0AutÍC ′(C
′⊗M ).
Proof. We already know that GℓM (C ) is a group, eq. (4.5). We check that GℓM ( f ) is a
group homomorphism as follows: Due to properties (a ) and (b ) in Lemma 4.4, it is
suffice tocheck that ∂C⊗M ,C⊗M

GℓM ( f )(ϕ
′)

= 0 for everyϕ′ ∈ G`ℓM (C
′) = Z0AutÍC ′(C
′⊗
M ). This is obvious by property (c ) in Lemma 4.4, since GℓM ( f )(ϕ
′) :=EM ( f )(ϕ
′) and
∂C⊗M ,C⊗Mϕ
′ = 0 by definitions. Therefore GℓM is a presheaf of groups on ccdgC (|).
Property (a ) is checked as follows. From the condition f ∼ f˜ ∈ HomccdgC (|)(C ,C
′),
there is a homotopy pair
 
f (t ),λ(t )

onHomccdgC (|)(C ,C
′) such that f (0) = f , f (1) =
f˜ and f˜ = f + ∂C,C ′χ , where χ :=
∫ 1
0
χ (t )dt ∈ Hom(C ,C ′)1. Then, for every ϕ
′ ∈
Z0AutÍC (C ⊗M )we have
GℓM ( f˜ )(ϕ
′)−GℓM ( f )(ϕ
′) = pˇ

qˇ
 
ϕ′

◦ (∂C,C ′χ ⊗ IM )

= ∂C⊗M ,C⊗M pˇ

qˇ
 
ϕ′

◦ (χ ⊗ IM )

,
since both pˇ and qˇ are chain maps and ∂C ′⊗M,C ′⊗Mϕ
′ = 0.
Property (b ) is checked as follows. From the condition ϕ′ ∼ ϕ˜′ ∈ Z0AutÍC ′(C
′ ⊗M ),
we have ϕ˜′ −ϕ′ = ∂C ′⊗M,C ′⊗Mλ for some λ ∈ EndÍC ′(C
′ ⊗M ). Then, for every f ∈
HomccdgC (|)(C ,C
′)we have
GℓM ( f )(ϕ˜
′)−GℓM ( f )(ϕ
′) = pˇ

qˇ
 
∂C ′⊗M,C ′⊗Mλ

◦ ( f ⊗ IM )

= ∂C⊗M ,C⊗M pˇ

qˇ
 
λ

◦ ( f ⊗ IM )

,
since both pˇ and qˇ are chain maps and ∂C,C ′ f = 0. ⊓⊔
Lemma 4.6. For every chain complex M we have a presheaf of groups
GlM : hoccdgC (|) Grp
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on hoccdgC (|), sending each ccdg-coalgebra C to the group GlM (C ) and each [ f ] ∈
HomhoccdgC (|)(C ,C
′) to a group homomorphism GlM ([ f ]) : GlM (C
′) → GlM (C ) de-
fined by, for all [ϕ′] ∈H0AutÍC ′(C
′⊗M ) = G`lM (C ),
GlM ([ f ])([ϕ
′]) :=

GℓM ( f )(ϕ
′)

,
where f ∈HomccdgC (|)(C ,C
′) andϕ′ ∈ Z0AutÍC ′(C
′⊗M ) are arbitrary representatives
of [ f ] and [ϕ′], respectively.
Proof. We already know that GℓM (C ) is a group, eq. (4.6). Due to Lemma 4.5, it re-
mains to check that the homology class

GℓM ( f )(ϕ
′)

of GℓM ( f )(ϕ
′) depends only on
thehomology class [ϕ′]ofϕ′ and thehomotopy type [ f ]of f , which are evident since
EM ( f )≡GℓM ( f ) is a chainmap—property (c ) in Lemma 4.4, and the homology class
of GℓM ( f˜ )(ϕ
′) depends only on [ f ] and [g ′] due to properties (a ) and (b ) in Lemma
4.5. ⊓⊔
We are ready to define a linear representation of a representable presheaf of groups
PΩ : ccdgC (|) Grp .
Definition 4.1. A linear resentation of a representable presheaf of groups PΩ on the
category ccdgC (|) of ccdg-coalgebras is a pair
 
M ,ρM

, where M is a chain complex
and ρM :PΩ⇒GℓM : ccdgC (|) Grp is a natural transformation of the presheaves.
Remark 4.1. Note that ρM : PΩ ⇒ GℓM is a natural transformation of contravariant
functors:
– the component ρCM of ρM at each cdg-coalgebra C is a homomorphism ρ
C
M :
PΩ(C ) → GℓM (C ) of groups—we have ρ
C
M (g ) ∈ Z0AutÍC (C ⊗M ) for every g ∈
HomccdgC (|)(C ,Ω), and
– for everymorphism f :C →C ′ of ccdg-coalgebras the diagram commutes
PΩ(C
′)
ρC
′
M

PΩ ( f ) // PΩ(C )
ρCM

GℓM (C
′)
GℓM ( f )
// GℓM (C )
, i .e ., ρCM ◦PΩ( f ) =GℓM ( f ) ◦ρ
C ′
M .
(4.7)
Since PΩ is representable, the Yoneda lemma implies that ρM : PΩ ⇒ GℓM is com-
pletely determined by the universal element ρΩM (IΩ) : Ω ⊗M → Ω ⊗M . Indeed, the
naturalness of ρM impose that ρ
C
M
 
g

= ρCM
 
PΩ(g )(IΩ)

= GℓM (g )
 
ρΩM (IΩ)

for every
morphism C
g
−→Ω of ccdg-coalgebras. Explicitly, we have
ρCM
 
g

= pˇ

qˇ
 
ρΩM (IΩ)

◦ (g ⊗ IM )

⇐⇒ qˇ

ρCM
 
g

= qˇ
 
ρΩM (IΩ)

◦ (g ⊗ IM ), (4.8)
where pˇ and qˇ are defined in Lemma 4.1.
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Lemma 4.7. A linear representation ρM : PΩ ⇒ GℓM of PΩ induces a natural trans-
formation [ρ]M : PΩ ⇒ GℓM : hoccdgC (|)   Grp , whose component [ρ ]
C
M at each
ccdg-coalgebra C is the homomorphism [ρ]CM : PΩ(C ) →GℓM (C ) of groups defined
by [ρ ]CM ([g ]) =

ρCM (g )

∈ H0AutÍC (C ⊗M ) for all [g ] ∈ HomhoccdgC (|)(C ,Ω), where
g ∈HomccdgC (|)(C ,Ω) is an arbitrary representative of [g ].
Proof. Let g ∼ g˜ ∈ HomccdgC (|)(C ,Ω). Then there is a homotopy pair
 
g (t ),χ (t )

on
HomccdgC (|)(C ,Ω) such that we have a family g (t ) = g + ∂C,Ω
∫ t
0
χ (s )ds of morphism
of ccdg-coalgebras satisfying g (0) = g and g (1) = g˜ . From eq. (4.8) it follows that
ρCM (g˜ ) ∼ ρ
C
M (g ) ∈ Z0AutÍC (C ⊗M ), since both pˇ and qˇ are chain maps and ρ
Ω
M (IΩ) ∈
Z0AutÍΩ(Ω ⊗M ). Therefore we have

ρCM (g˜ )

=

ρCM (g )

∈ H0AutÍC (C ⊗M ), so that
[ρ]CM :PΩ(C )→GℓM (C ) is well-defined homomorphism of groups for every C . The
naturalness of [ρ ]M , i.e., for every [ f ] ∈HomhoccdgC (|)(C ,C
′)we have [ρ]CM ◦PΩ([ f ]) =
GℓM ([ f ]) ◦ [ρ]
C ′
M , follows from the naturalness eq. (4.7) of ρM and by the definitions
of [ρ]CM ,PΩ([ f ]) andGℓM ([ f ]). ⊓⊔
Definition 4.2. A linear representation of the presheaf of groupsPΩ on the homotopy
category hoccdgC (|) is a pair
 
M , [ρ]M

of chain complex M and a natural transfor-
mation [ρ]M :PΩ⇒GℓM : hoccdgC (|) Grp , which is induced from a linear repre-
sentationρM :PΩ⇒GℓM : ccdgC (|) Grp of the presheaf of groupsPΩ on ccdgC (|).
Remark 4.2. Despite of the above definition wewill work with linear representations
of PΩ rather than those of PΩ. The linear representations of PΩ form a dg-tensor
category Rep (PΩ). Working with the dg-tensor category of linear representations of
PΩ will be a crucial step for Tannakian reconstructions of both PΩ and PΩ in the
next section. We may regard Rep (PΩ) as "the dg-tensor category" of linear repre-
sentations ofPΩ , where the category of linear representations ofPΩ can be defined
as the homotopy category of Rep (PΩ). We will not elaborate this point as we will
never use it.
Here are two basic examples of linear representations ofPΩ .
Example 4.1 (The trivial representation). The ground field | as a chain complex | =
(|, 0) with zero differential defines the trivial representation
 
|,ρ|

, where the com-
ponent ρC| of ρ| :PΩ ⇒ Gℓ| at every ccdg-coalgebra C is the homomorphism ρ
C
| :
PΩ(C )⇒Gℓ|(C ) of groups defined by, ∀g ∈HomccdgC (|)(C ,Ω),
ρC| (g ) := IC ⊗ I| :C ⊗|→C ⊗|. (4.9)
Example 4.2 (The regular representation).Associated to the ccdg-Hopf algebraΩ as a
chain complexwehave the regular representation
 
Ω,ρΩ

, where the componentρCΩ
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ofρΩ :PΩ⇒GℓΩ at every ccdg-coalgebraC is thehomomorphismρ
C
Ω :PΩ(Ω)⇒GℓΩ
of groups defined by, ∀g ∈HomccdgC (|)(C ,Ω),
ρCΩ (g ) =(IC ⊗mΩ) ◦ (IC ⊗ g ⊗ IΩ) ◦ (ÍC ⊗ IΩ) = pˇ
 
mΩ ◦ (g ⊗ IΩ)

C ⊗Ω
ÍC⊗IΩ // C ⊗C ⊗Ω
IC⊗g⊗IΩ // C ⊗Ω⊗Ω
IC⊗mΩ // C ⊗Ω .
(4.10)
We can check that
 
Ω,ρΩ

is a linear representation as follows
– We have ∂C⊗M ,C⊗Mρ
C
Ω (g ) = pˇ
 
mΩ ◦ (∂C,Ωg ⊗ IΩ)

= 0 for all g ∈HomccdgC (|)(C ,Ω),
since both pˇ andmΩ are chain maps;
– We have ρCΩ (uΩ ◦εC ) = (IC ⊗mΩ) ◦
 
IC ⊗ (uΩ ◦εC )⊗ IΩ

◦ (ÍC ⊗ IΩ) = IC⊗Ω.
– For all g1,g2 ∈HomccdgC (|)(C ,Ω):
ρCΩ
 
g1 ⋆C,Ω g2

:= (IC ⊗mΩ) ◦

IC ⊗
 
mΩ ◦ (g1⊗ g2) ◦ÍC

⊗ IΩ

◦ (ÍC ⊗ IΩ)
=(IC ⊗mΩ) ◦ (IC ⊗ g1⊗ IΩ) ◦ (ÍC ⊗ IΩ) ◦ (IC ⊗mΩ) ◦ (IC ⊗ g2⊗ IΩ) ◦ (ÍC ⊗ IΩ)
=ρCΩ (g1) ◦ρ
C
Ω (g2).
The 2nd equality is due to coassociativity of ÍC and the associativity ofmΩ. ⊓⊔
Definition 4.3 (Lemma).Linear representationsof the representable presheaf of groups
PΩ form a dg-tensor category Rep
 
PΩ

defined as follows.
(a) An object is a linear presentation
 
M ,ρM

ofPΩ.
(b) A morphism ψ :
 
M ,ρM

→
 
M ′,ρM ′

of linear representations of PΩ is a linear
map ψ : M → M ′ making the following diagram commutative for every ccdg-
coalgebra C and every g ∈PΩ(C )
C ⊗M
ρCM (g )

IC⊗ψ // C ⊗M ′
ρC
M ′
(g )

C ⊗M
IC⊗ψ // C ⊗M ′,
i.e., (IC ⊗ψ) ◦ρ
C
M (g ) =ρ
C
M ′ (g ) ◦ (IC ⊗ψ),
where ρCM :PΩ(C )→ GℓM (C ) is the component of the natural transformation ρM
at C .
(c) The differential of a morphism ψ :
 
M ,ρM

→
 
M ′,ρM ′

of linear representations
is the morphism ∂M,M ′ψ :
 
M ,ρM

→
 
M ′,ρM ′

of linear representations.
(d) The tensor product
 
M ,ρM

⊗
 
M ′,ρM ′

of two objects is the linear representation
(M ⊗M ′,ρM⊗M ′ ), where M ⊗M
′ = (M ⊗M ′,∂M⊗M ′ ) is the tensor product of chain
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complexes and ρM⊗M ′ :PΩ ⇒ GℓM⊗M ′ is the natural transformation whose com-
ponent ρCM⊗M ′ : PΩ(C ) → GℓM⊗M ′ (C ) at every ccdg-coalgebra C is the group ho-
momorphism defined by, ∀g ∈HomccdgC (|)(C ,Ω),
ρCM⊗M ′ (g ) :=ρ
C
M (g )⊗ÍC ρ
C
M ′ (g ).
The unit object for the tensor product is the trivial representation (|,ρ|) in Exam-
ple 4.1.
Remark 4.3. The explicit form of ρCM⊗M ′ (g ) :=ρ
C
M (g )⊗ÍC ρ
C
M ′ (g ) is
ρCM⊗M ′ (g ) =
 
ρCM (g )⊗ qˇ(ρ
C
M ′ (g ))

◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍC ⊗ IM ⊗ IM ′ )
= (IC ⊗ IM ⊗ ıM ◦ (εC ⊗ IM ′ )) ◦
 
ρCM (g )⊗ρ
C
M ′ (g )

◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍC ⊗ IM ⊗ IM ′ ).
Equivalently, ρCM⊗M ′ (g ) is determined by the following equality:
qˇ
 
ρCM⊗M ′ (g )

=
 
qˇ(ρCM (g ))⊗ qˇ(ρ
C
M ′ (g ))

◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍC ⊗ IM⊗M ′ ). (4.11)
Proof. It is trivial to check that ∂M,M ′ψ is a linear representation whenever ψ is a
linear representation. Then it becomes obvious that Rep
 
PΩ

is a dg-category. It is
also trivial to check that the tensor product and theunit object in (d ) endowRep
 
PΩ

with a structure of dg-tensor category. ⊓⊔
4.3. An isomorphism with the dg-tensor category of left dg-modules
A left dg-module over the ccdg-Hopf algebraΩ is a tuple (M ,γM ), whereM = (M ,∂M )
is a chain complex and γM :Ω ⊗M →M is a chain map making the diagrams com-
mutative
Ω⊗M
γM // M
|⊗M
uΩ⊗IM
gg◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
ıM
OO , Ω⊗Ω⊗M
IΩ⊗γM

mΩ⊗IM // Ω⊗M
γM

Ω⊗M
γM // M
That is
γM ◦ ∂Ω⊗M = ∂M ◦γM ,

γM ◦ (uΩ ⊗ IM ) = ıM ,
γM ◦ (IΩ ⊗γM ) = γM ◦ (mΩ ⊗ IM ).
A morphism (M ,γM )
ψ
// (M ′,γM ′ ) of left dg-modules over Ω is a linear map ψ :
M →M ′ making the following diagram commutes
Ω⊗M
IΩ⊗ψ

γM // M
ψ

Ω⊗M ′
γM ′ // M ′
, i.e., ψ ◦γM = γM ′ ◦ (IΩ ⊗ψ).
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It is trivial to check that ∂M ,M ′ψ : (M ,γM ) → (M
′,γM ′ ) is a morphism of left dg-
modules over Ω wheneverψ is so, and we have ∂M ,M ′ ◦ ∂M ,M ′ = 0. For every consec-
utive morphism ψ′ : (M ′,γM ′ ) → (M
′′,γM ′′ ) of left dg-modules over Ω we also have
∂M ,M ′′
 
ψ′ ◦ψ

= ∂M ′ ,M ′′ψ
′ ◦ψ+(−1)|ψ
′|ψ′ ◦∂M ,M ′ψ. Therefore, we have a dg-category
dgMod L (Ω) of left dg-modules over Ω.
The tensor product (M ,γM )⊗ÍΩ (M
′,γM ′ ) of left dg-modules (M ,γM ) and (M
′,γM ′ )
over Ω is the left dg-module
 
M ⊗M ′,γM⊗ÍΩM ′

over Ω, where M ⊗M ′ is the chain
complex with the differential ∂M⊗M ′ and
γM⊗ÍΩM ′
:= (γM ⊗γM ′ ) ◦ (IΩ ⊗τ⊗ IM ′ ) ◦ (ÍΩ ⊗ IM ⊗ IM ′ )
: Ω⊗M ⊗M ′
ÍΩ⊗IM⊗M ′// Ω⊗Ω⊗M ⊗M ′
IΩ⊗τ⊗IM ′ // Ω⊗M ⊗Ω⊗M ′
γM⊗γM ′ // M ⊗M ′.
(4.12)
The ground field | has a structure (|,γ|) of left dg-module Ω⊗|
γ| // | over Ω,
where γ| :=m| ◦ (εΩ⊗I|). We can check that the dg-category of left dg-modules over
Ω is a dg-tensor category

dgMod L (Ω),⊗ÍΩ, (|,γ|)

as follows:
– For left dg-modules
 
M ,γM

,
 
M ′,γM ′

and
 
M ′′,γM ′′

over Ω, the isomorphism
(M ⊗M ′)⊗M ′′ ∼=M ⊗ (M ′ ⊗M ′′) of the underlying chain complexes induces an
isomorphism 
M ,γM

⊗ÍΩ
 
M ′,γM ′

⊗ÍΩ
 
M ′′,γM ′′

∼=
 
M ,γM

⊗ÍΩ
 
M ′,γM ′

⊗ÍΩ
 
M ′′,γM ′′

of left dg-modules overΩ, since ÍΩ is coassociative.
– For every left dg-module
 
M ,γM

over Ω, the isomorphismsM ⊗| ∼=M ∼= |⊗M
of the underlying chain complexes induce isomorphisms 
M ,γM

⊗ÍΩ
 
|,γ|

∼=
 
M ,γM

∼=
 
|,γ|

⊗ÍΩ
 
M ,γM

of left dg-modules over Ω, due to the counit axiom ıΩ ◦ (εΩ ⊗ IΩ) ◦ÍΩ = Ω ◦ (IΩ ⊗
εΩ) ◦ÍΩ = IΩ.
Theorem 4.1. The dg-categoryRep
 
PΩ

of linear representations ofPΩ is isomorphic
to the dg-category of dgMod L (Ω) of left dg-modules over Ω as dg-tensor categories.
Explicitly, we have an isomorphism of dg-tensor categories
X :Rep
 
PΩ
 ..0p 0p /o /o
dgMod L (Ω) : Ynn p0o/o/n.
defined as follows.
– X sends each representation
 
M ,ρM

to the left dg-module
 
M , (γM

, where
(
γM :=qˇ
 
ρΩM (IΩ)

=M ◦ (εΩ ⊗ IM ) ◦ρ
Ω
M (IΩ) :Ω⊗M →M ,
(4.13)
Representable Presheaf of Groups and Tannakian Reconstruction 39
and each morphismψ :
 
M ,ρM

→
 
M ′,ρM ′

of representations to the morphism
ψ :
 
M , (γM

→
 
M ′, (γM ′

of left dg-modules.
– Y sends each left dg-module
 
M ,γM

to the representation
 
M ,
(
ρM

, where the
component
(
ρ CM of
(
ρM at a ccdg-coalgebraC is definedby,∀g ∈HomccdgC (|)(C ,Ω),
(
ρ CM (g ) :=pˇ

γM ◦ (g ⊗ IM )

=(IC ⊗γM ) ◦ (IC ⊗ g ⊗ IM ) ◦ (ÍC ⊗ IM ) :C ⊗M →C ⊗M ,
(4.14)
and each morphism ψ :
 
M ,γM

→
 
M ′,γM ′

of left dg-modules to the morphism
ψ :
 
M , (ρM

→
 
M ′, (ρM ′

of representations.
Proof. We need to check that both X and Y are dg-tensor functors and show that
they are inverse to each other.
1. We check that
 
M , (γM

= X
 
M ,ρM

is a left dg-module over Ω as follows.
From eq. (4.8) in Remark 4.1 and the definition eq. (4.13), we have the following re-
lation for every morphism g :C →Ω of ccdg-coalgebras:
qˇ

ρCM
 
g

=
(
γM ◦ (g ⊗ IM ) :C ⊗M →M . (4.15)
The component ρCM of ρM at every ccdg-coalgebra C , by definition, is a morphism
ρCM :PΩ(C )→ GℓM (C ) of groups, i.e., for every pair of morphisms g1,g2 : C → Ω of
ccdg-coalgebras, we have
ρCM
 
uΩ ◦εC

= IC⊗M , ρ
C
M
 
g1 ⋆C,Ω g2

=ρCM (g1) ◦ρ
C
M (g2). (4.16)
– Applying qˇ on the 1st equality of eq. (4.16) and using eq. (4.15), we have
(
γM ◦ (uΩ ⊗ IM ) ◦ (εC ⊗ IM ) = εC ⊗ IM . (4.17)
By putting C = |∨, we obtain that (γM ◦ (uΩ ⊗ IM ) = ıM .
– Applying qˇ on the 2nd equality of eq. (4.16), we have
(
γM ◦ (mΩ ⊗ IM )◦(g1⊗ g2⊗ IM ) ◦ (ÍC ⊗ IM )
=
(
γM ◦ (IΩ ⊗
(
γM ) ◦ (g1⊗ g2⊗ IM ) ◦ (ÍC ⊗ IM ).
(4.18)
Consider the ccdg-coalgebra Ω⊗Ω and the projection maps π1,π2 :Ω⊗Ω→Ω
π1 := Ω⊗Ω
IΩ⊗εΩ // Ω⊗|
Ω // Ω, π2 := Ω⊗Ω
εΩ⊗IΩ // |⊗Ω
ıΩ // Ω,
which are morphisms of ccdg-coalgebras. We can check that (π1 ⊗π2) ◦ÍΩ⊗Ω =
IΩ⊗Ω from an elementary calculation. By substituting C = Ω ⊗ Ω, g1 = π1 and
g2 =π2 in eq. (4.18) we obtain that
(
γM ◦ (mΩ ⊗ IM ) =
(
γM ◦ (IΩ ⊗
(
γM ).
40 Jaehyeok Lee, Jae-Suk Park
– Finally we check that (γM :Ω⊗M →M is a chain map:
∂Ω⊗M,M
(
γM = ∂Ω⊗M,M qˇ
 
ρΩM (IΩ)

= qˇ
 
∂Ω⊗M ,Ω⊗Mρ
Ω
M (IΩ)

= 0,
where we have used the facts that qˇ is a chain map defined in Lemma 4.1 and
ρΩM (IΩ) ∈ Z0AutÍΩ(Ω⊗M ).
2.We show that X is a dg-tensor functor. Given amorphismψ :
 
M ,ρM

→
 
M ′,ρM ′

of representations, X (ψ) =ψ :
 
M , (γM

→
 
M ′, (γM ′

is amorphismof left dg-modules
over Ω, since the following diagram commutes
Ω⊗M
IΩ⊗ψ

ρΩM (IΩ ) // Ω⊗M
IΩ⊗ψ

εΩ⊗IM // |⊗M
I|⊗ψ

ıM // M
ψ

Ω⊗M ′
ρΩ
M ′
(IΩ )
// Ω⊗M ′
εΩ⊗IM ′ // |⊗M ′
ıM ′ // M ′
,
where the very left square commutes sinceψ is a morphism of representations and
the commutativity of the other squares are obvious— note that the horizontal com-
positionsare exactly (γM and
(
γM ′ . It is obvious that X (∂M ,M ′ψ) = ∂M ,M ′ψ= ∂M ,M ′
 
X (ψ)

.
Therefore X is a dg-functor. The tensor property of X is checked as follows:
– From Example 4.1 we have X
 
|,ρ|

=
 
|,γ|

.
– For two representations
 
M ,ρM

and
 
M ′,ρM ′

ofPΩ, we have
γX (M ,ρM )⊗ÍΩ X (M ′,ρM ′ )
=
 
γX (M ,ρM )⊗γX (M ′,γM ′ )

◦ (IΩ ⊗τ⊗ IM ′ ) ◦ (ÍΩ ⊗ IM⊗M ′ )
= γX ((M ,ρM )⊗(M ′ ,ρM ′ )).
The 1st equality is from eq. (4.12), and the 2nd equality is from eq. (4.11). We
conclude that X
 
M ,ρM

⊗
 
M ′,ρM ′

= X
 
M ,ρM

⊗ÍΩ X
 
M ′,ρM ′

.
3. We show that
 
M , (ρM

= Y
 
M ,γM

is a representation of PΩ as follows. We first
show that
(
ρ CM :PΩ(C )→GℓM (C ) is a homomorphism of groups for every C :
– We have ρCM (uΩ ◦εC ) = (IC ⊗γM ) ◦
 
IC ⊗ (uΩ ◦εC )⊗ IM

◦ (ÍC ⊗ IM ) = IC⊗M , where
we have used the counity of ÍC and the property γM ◦ (uΩ ⊗ IM ) = ıM .
– For all g1,g2 ∈HomccdgC (|)(C ,Ω):
ρCM
 
g1 ⋆C,Ω g2

:= (IC ⊗γM ) ◦

IC ⊗
 
mΩ ◦ (g1⊗ g2) ◦ÍC

⊗ IM

◦ (ÍC ⊗ IM )
=(IC ⊗γM ) ◦ (IC ⊗ g1⊗ IM ) ◦ (ÍC ⊗ IM ) ◦ (IC ⊗γM ) ◦ (IC ⊗ g2⊗ IM ) ◦ (ÍC ⊗ IM )
=ρCM (g1) ◦ρ
C
M (g2),
where the 2nd equality is due to coassociativity ofÍC and the property γM ◦(mΩ⊗
IM ) = γM ◦ (IΩ ⊗γM ).
– We have ∂C⊗M ,C⊗Mρ
C
M (g ) = pˇ
 
γM ◦ (∂C,Ωg ⊗ IΩ)

= 0 for all g ∈HomccdgC (|)(C ,Ω),
since both pˇ and γM are chain maps.
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Combining all the above, we conclude that (ρ CM
 
g

∈ Z0AutÍC (C ⊗M ) for all g ∈
HomccdgC (|)(C ,Ω) and
(
ρ CM is a homomorphism of groups. We check the naturalness
of (ρM that for everymorphism f :C →C
′ of ccdg-coalgebras we have (ρ CM ◦PΩ( f ) =
GℓM ( f ) ◦
(
ρ C
′
M as follows: for all g
′ ∈HomccdgC (|)(C
′,Ω)we have
ρCM
 
PΩ( f )(g
′)

=
(
ρ CM (g
′ ◦ f ) = pˇ

γM ◦ (g
′ ◦ f ⊗ IM )

,
GℓM ( f )

ρC
′
M (g
′)

=pˇ

qˇ

ρC
′
M (g
′)

◦ ( f ⊗ IM )

= pˇ

qˇ

pˇ

γM ◦ (g
′⊗ IM )

◦ ( f ⊗ IM )

=pˇ

γM ◦ (g
′⊗ IM ) ◦ ( f ⊗ IM )

= pˇ

γM ◦ (g
′ ◦ f ⊗ IM )

,
where we have used qˇ ◦ pˇ= IHom(C ′⊗M ,N ).
4. We show that Y is a dg-tensor functor. Given a morphismψ :
 
M ,γM

→
 
M ′,γM ′

of left dg-modules over Ω, Y (ψ) =ψ :
 
M , (ρM

→
 
M ′, (ρM ′

is a morphism of repre-
sentations, since the following diagram commutes for everymorphism g :C →Ω of
ccdg-coalgebras:
C ⊗M
ÍC⊗IM //
IC⊗ψ

C ⊗C ⊗M
IC⊗g⊗IM //
IC⊗C⊗ψ

C ⊗Ω⊗M
IC⊗γM //
IC⊗Ω⊗ψ

C ⊗M
IC⊗ψ

C ⊗M ′
ÍC⊗IM ′ // C ⊗C ⊗M ′
IC⊗g⊗IM ′ // C ⊗Ω⊗M ′
IC ⊗γM ′ // C ⊗M ′.
It is obvious that Y (∂M ,M ′ψ) = ∂M ,M ′ψ = ∂M ,M ′
 
Y (ψ)

. Therefore Y is a dg-functor.
The tensor property of Y is checked as follows:
– From Example 4.1, we have Y
 
|,γ|

=
 
|,ρ|

.
– Let
 
M ,γM

and
 
M ′,γM ′

be left dg-modules over Ω, and g : C → Ω be a mor-
phism of ccdg-coalgebras. Then by eq. (4.11), we have
qˇ

ρCY (M ,γM )⊗Y (M ′,γM ′ )
(g )

= (γM ⊗γM ′ ) ◦ (IC ⊗τ⊗ IM ′ ) ◦
 
((g ⊗ g ) ◦ÍC )⊗ IM⊗M ′

= (γM ⊗γM ′ ) ◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍΩ ⊗ IM⊗M ′ ) ◦ (g ⊗ IM⊗M ′ )
= γM⊗ÍΩM ′
◦ (g ⊗ IM⊗M ′ ) = qˇ

ρCY (M⊗M ′,γM⊗ÍΩM ′ )
(g )

.
Therefore we have Y
  
M ,γM

⊗ÍΩ
 
M ′,γM ′

= Y (M ,γM )⊗ Y (M
′,γM ′

.
5. It is immediate from the constructions that X and Y are inverse to each other. ⊓⊔
4.4. A ccdg-Hopf algebra versus the dg-category of its left dg-modules
Keypropertiesof the ccdg-Hopf algebraΩ are reflected in thedg-categorydgMod L (Ω)∼=
Rep (PΩ), whichphenomenawillmakeourTannakian reconstructionpossible.
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Remind that (Ω,mΩ) of both left and right dg-modules over Ω.
The following lemma is due to the ccdg-bialgebra structure of Ω.
Lemma 4.8. We have the following morphisms of left dg-modules overΩ:
(a)
 
Ω,mΩ
 ÍΩ //  Ω⊗Ω,γΩ⊗ÍΩΩ by the coproduct ÍΩ :Ω→Ω⊗Ω;
(b) (Ω,mΩ)
εΩ // (|,γ|) by the counit εΩ :Ω→ |;
(c) (Ω⊗M ,mΩ ⊗ IM )
γM // (M ,γM ) by the action γM : Ω ⊗M → M of each left dg-
module (M ,γM ) overΩ.
Proof. (a) follows from ÍΩ being a morphism of dg-algebras: γΩ⊗ÍΩΩ ◦ (IΩ ⊗ÍΩ) =
(mΩ ⊗mΩ) ◦ (IΩ ⊗ τ ⊗ IΩ) ◦ (ÍΩ ⊗ ÍΩ) = ÍΩ ◦mΩ . Here, we used γΩ⊗ÍΩΩ = mΩ⊗Ω ◦
(ÍΩ ⊗ IM⊗M ). (b) follows from εΩ being a morphism of dg-algebras: γ| ◦ (IΩ ⊗ εΩ) =
m| ◦ (εΩ⊗εΩ) = εΩ ◦mΩ. Finally, (c) follows from themodule axiom that γM satisfies:
γM ◦ (IΩ ⊗γM ) = γM ◦ (mΩ ⊗ IM ). ⊓⊔
Since the antipode ςΩ : Ω → Ω is an anti-homomorphism of dg-algebras, we have
a left dg-module (Ω∗,γΩ∗ ) over Ω, where Ω
∗ = Ω as a chain complex but with the
following alternative action:
γΩ∗ :=mΩ ◦ (IΩ ⊗ςΩ) ◦τ :Ω⊗Ω
∗→Ω∗, i.e., y ⊗ z 7→ (−1)|y ||z |mΩ
 
z ⊗ςΩ(y )

.
For every left dg-module
 
M ,γM

over Ω, we can associate another left dg-module 
M∗,γM∗

overΩ using the counit εΩ :Ω→ |, whereM∗ =M as a chain complexwhile
the left action is givenbyγM∗ := ıM ◦(εΩ⊗IM ) : Ω⊗M
εΩ⊗IM // |⊗M
ıM // M .
The following lemma is due to the antipode ςΩ of Ω.
Lemma 4.9. We have following morphisms of left dg-modules overΩ:
(a) (Ω∗,γΩ∗)
ÍΩ // (Ω∗⊗Ω∗,γΩ∗⊗ÍΩΩ∗ ) by the coproduct ÍΩ :Ω→Ω⊗Ω;
(b) (Ω∗,γΩ∗)
εΩ // (|,γ|) by the counit εΩ :Ω→ |;
(c) (Ω∗⊗M ,γΩ∗⊗ÍΩM )
γM // (M∗,γM∗ ) by the action γM :Ω⊗M →M of each left dg-
module (M ,γM ) overΩ.
Proof. Weshall see that (a)and (b) follows fromςΩ beingamorphismof ccdg-coalgebras
and (c) follows from the antipode axiom for ςΩ .
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(a ) γΩ∗⊗ÍΩΩ∗
◦ (IΩ ⊗ÍΩ) =ÍΩ ◦γΩ∗ : We have
γΩ∗⊗ÍΩΩ∗
◦ (IΩ ⊗ÍΩ) :=(mΩ ⊗mΩ) ◦ (IΩ ⊗ςΩ ⊗ IΩ ⊗ςΩ) ◦ (τ⊗τ) ◦ (IΩ ⊗τ⊗ IΩ) ◦ (ÍΩ ⊗ÍΩ)
=(mΩ ⊗mΩ) ◦σ ◦ (ςΩ ⊗ςΩ ⊗ IΩ ⊗ IΩ) ◦ (ÍΩ ⊗ÍΩ),
ÍΩ ◦γΩ∗ :=ÍΩ ◦mΩ ◦ (IΩ ⊗ςΩ) ◦τ
=(mΩ ⊗mΩ) ◦ (IΩ ⊗τ⊗ IΩ) ◦ (ÍΩ ⊗ÍΩ) ◦ (IΩ ⊗ςΩ) ◦τ
=(mΩ ⊗mΩ) ◦σ ◦ (ÍΩ ⊗ÍΩ) ◦ (ςΩ ⊗ IΩ),
whereσ := (τ⊗τ)◦ (IΩ⊗τ⊗ IΩ) :Ω
⊗4→Ω⊗4. From the property (ςΩ⊗ςΩ)◦ÍΩ =
ÍΩ ◦ςΩ, we obtain that γΩ∗⊗ÍΩΩ∗ ◦ (IΩ ⊗ÍΩ) =ÍΩ ◦γΩ∗ .
(b ) εΩ ◦γΩ∗ = γ| ◦ (IΩ ⊗εΩ): We have
εΩ ◦γΩ∗ =εΩ ◦mΩ ◦ (IΩ ⊗ςΩ) ◦τ=m| ◦ (εΩ ⊗εΩ) ◦ (IΩ ⊗ςΩ) ◦τ=m| ◦ (εΩ ⊗εΩ)
=γ| ◦ (IΩ ⊗εΩ),
where we used the property εΩ = εΩ ◦ςΩ and commutativity ofm|.
(c ) γM ◦γΩ∗⊗ÍΩM
= γM∗ ◦ (IΩ ⊗γM ): We have
γM ◦γΩ∗⊗ÍΩM
:=γM ◦ (IΩ ⊗γM ) ◦ (γΩ∗ ⊗ IΩ ⊗ IM ) ◦ (IΩ ⊗τ⊗ IM ) ◦ (ÍΩ ⊗ IΩ⊗M )
=γM ◦ (IΩ ⊗γM ) ◦ (mΩ ⊗ IΩ ⊗ IM ) ◦ (IΩ ⊗ςΩ ⊗ IΩ ⊗ IM ) ◦ (IΩ ⊗ÍΩ ⊗ IM ) ◦ (τ⊗ IM )
=γM ◦ (mΩ ⊗ IM ) ◦ (mΩ ⊗ IΩ ⊗ IM ) ◦ (IΩ ⊗ςΩ ⊗ IΩ ⊗ IM ) ◦ (IΩ ⊗ÍΩ ⊗ IM ) ◦ (τ⊗ IM )
=γM ◦ (mΩ ⊗ IM ) ◦ (IΩ ⊗mΩ ⊗ IM ) ◦ (IΩ ⊗ςΩ ⊗ IΩ ⊗ IM ) ◦ (IΩ ⊗ÍΩ ⊗ IM ) ◦ (τ⊗ IM )
=γM ◦ (mΩ ⊗ IM ) ◦
 
IΩ ⊗ (uΩ ◦εΩ)⊗ IM

◦ (τ⊗ IM )
=γM ◦ (IΩ ⊗γM ) ◦ (IΩ ⊗uΩ ⊗ IM ) ◦ (IΩ ⊗εΩ ⊗ IM ) ◦ (τ⊗ IM )
=γM ◦ (IΩ ⊗ ıM ) ◦ (IΩ ⊗εΩ ⊗ IM ) ◦ (τ⊗ IM )
=ıM ◦ (εΩ ⊗ IM ) ◦ (IΩ ⊗γM )
=γM∗ ◦ (IΩ ⊗γM ).
In the above we have used γM ◦ (IΩ ⊗ γM ) = γM ◦ (mΩ ⊗ IM ) for the 3rd and the
6th equalities, the associativity ofmΩ for the 4th equality, and the antipode ax-
iom mΩ ◦ (ςΩ ⊗ IΩ) ◦ÍΩ = uΩ ◦ εΩ for the 5th equality. The rest equalities are
straightforward.
⊓⊔
The morphisms of left dg-modules over Ω in Lemmas 4.8 and 4.9 shall be used cru-
cially in the next section.
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5. Tannakian reconstruction theorem
Let Ω = (Ω,uΩ,mΩ,εΩ,ÍΩ ,ςΩ,∂Ω) be a ccdg-Hopf algebra. Consider the forgetful
functor ω : dgMod L (Ω)   Ch (|) from the dg-category of left dg-modules over Ω
to the dg-category of chain complexes over |. The functorω sends a left dg-module 
M ,γM

over Ω to its underlying chain complexM , and a morphismψ :
 
M ,γM

→ 
M ′,γM ′

of left dg-modulesoverΩ to theunderlying|-linearmapψ :M →M ′.
Out ofω, we will construct the following three presheaves
Eω : ccdgC (|)  dgA (|), P
⊗
ω :
ccdgC (|) Grp , P⊗ω :
hoccdgC (|) Grp ,
in turns and establish natural isomorphisms:
Eω
∼=EΩ, P
⊗
ω
∼=PΩ , P
⊗
ω
∼=PΩ ,
which constitute our reconstruction theorem.
The forgetful functorω is a dg-tensor functor sending
–
 
|,γ|

to |,
– the tensor product
 
M ,γM

⊗ÍΩ
 
M ′,γM ′

of left dg-modules overΩ to the tensor
productM ⊗M ′ of the underlying chain complexes, and
– the following isomorphisms of left dg-modules over Ω 
M ,γM

⊗ÍΩ
 
M ′,γM ′

⊗ÍΩ
 
M ′′,γM ′′

∼=
 
M ,γM

⊗ÍΩ
 
M ′,γM ′

⊗ÍΩ
 
M ′′,γM ′′

, 
M ,γM

⊗ÍΩ
 
|,γ|

∼=
 
M ,γM

∼=
 
|,γ|

⊗ÍΩ
 
M ,γM

to the corresponding isomorphisms (M ⊗M ′)⊗M ′′ ∼=M ⊗ (M ′⊗M ′′) andM ⊗|∼=
M ∼= |⊗M of the underlying chain complexes.
In Lemma4.3, we havedefined the dg-tensor functorC⊗ : Ch (|)  dgComod
cofr
L (C )
for each ccdg-coalgebra C . By composing itwithω, we get a dg-tensor functor
C ⊗ω :dgMod L (Ω) Ch (|)  dgComod
cofr
L (C ),
sending
– each left dg-module
 
M ,γM

overΩ to a cofree left dg-comodule
 
C ⊗M ,ÍC ⊗IM

over C , and
– eachmorphismψ :
 
M ,γM

→
 
M ′,γM ′

of left dg-modules overΩ to amorphism
IC ⊗ψ :
 
C ⊗M ,ÍC ⊗ IM

→
 
C ⊗M ′,ÍC ⊗ IM ′

of left dg-comodules over C .
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LetEnd
 
C⊗ω

:=Nat
 
C⊗ω,C⊗ω

be the set of natural endomorphisms of the func-
tor C ⊗ω. We write an element in End
 
C ⊗ω

as ηC , and denote ηCM as its compo-
nent at a left dg-module
 
M ,γM

overΩ. The component of ηC at the tensor product 
M ,γM

⊗ÍΩ
 
M ′,γM ′

is denoted by ηCM⊗ÍΩM ′
. Be aware that for a chain complexM ,
the component of ηC at the free left dg-module
 
Ω⊗M ,mΩ ⊗ IM

overΩ is denoted
by ηCΩ⊗M . We have the following structure of dg-algebra on End
 
C ⊗ω

:
Eω(C ) :=
 
End
 
C ⊗ω

,IC ,◦,δC

, (5.1)
where IC := IC⊗ω is the identity natural transformation, ◦ is the composition and δC
is the differential given by
 
δC ηC

M
:= ∂C⊗M ,C⊗Mη
C
M .
Lemma 5.1. We have a presheaf of dg-algebras Eω : ccdgC (|)  dgA (|) on ccdgC (|),
sending
– each ccdg-coalgebra C to the dg-algebra Eω(C ), and
– eachmorphism C
f
−→C ′ of ccdg-coalgebras to amorphism Eω( f ) :Eω(C
′)→Eω(C )
of dg-algebras, where for every ηC
′
∈ End(C ′ ⊗ω) the component of Eω( f )
 
ηC
′
at
each left dg-module
 
M ,γM

over Ω is defined by
Eω( f )
 
ηC
′
M
:=pˇ

qˇ
 
ηC
′
M

◦ ( f ⊗ IM )

=
 
IC ⊗ qˇ
 
ηC
′
M

◦ (IC ⊗ f ⊗ IM ) ◦ (ÍC ⊗ IM )
=

IC ⊗
 
ıM ◦ (εC ′ ⊗ IM ) ◦η
C ′
M

◦ (IC ⊗ f ⊗ IM ) ◦ (ÍC ⊗ IM ).
Proof. For every ηC
′
∈ End
 
C ′⊗ω

and a morphism f : C → C ′ of ccdg-coalgebras,
we can check that Eω( f )
 
ηC
′
∈End
 
C⊗ω

of degree |ηC
′
| as follows. For amorphism
ψ :
 
M ,γM

→
 
M ′,γM ′

of left dg-modules overΩ, the following diagram commutes
since ηC
′
is a natural transformation:
C ′ ⊗M
IC ′⊗ψ //
ηC
′
M 
C ′ ⊗M ′
ηC
′
M ′
C ′ ⊗M
IC ′⊗ψ // C ′ ⊗M ′
, i.e., (IC ′ ⊗ψ) ◦η
C ′
M = (−1)
|ηC
′
||ψ|ηC
′
M ′ ◦ (IC ′ ⊗ψ).
Therefore we have
Eω( f )
 
ηC
′
M ′
◦ (IC ⊗ψ) =

IC ⊗
 
ıM ◦ (εC ′ ⊗ IM ) ◦η
C ′
M ′ ◦ ( f ⊗ψ)

◦ (ÍC ⊗ IM )
= (−1)|η
C ′ ||ψ|

IC ⊗
 
ıM ◦ (εC ′ ⊗ψ) ◦η
C ′
M ◦ ( f ⊗ IM )

◦ (ÍC ⊗ IM )
= (−1)|η
C ′ ||ψ|(IC ⊗ψ) ◦Eω( f )
 
ηC
′
M
.
It remains to show that
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– Eω(IC ) = I
C ,
– Eω( f ) is a morphism of dg-algebras, and
– Eω(g ◦ f ) =Eω( f ) ◦Eω(g ) for another morphism g :C
′→C ′′ of ccdg-coalgebras.
These follow fromtheanalogouspropertiesofEM for chain complexesM =ω
 
M ,γM

,
as stated in Lemma 4.4. ⊓⊔
Now we turn to construct the presheaf of groups P⊗ω :
ccdgC (|)   Grp after some
preparations.
Definition 5.1. We consider the following subsets of End(C ⊗ω):
(a ) Z0End(C ⊗ω) consisting of every element η
C ∈End(C ⊗ω)0 satisfying δ
C ηC = 0.
(b ) End⊗(C⊗ω) consisting of every elementηC ∈End(C⊗ω)0 satisfying the conditions
ηC| = I
C
| := IC⊗|,
ηCM⊗ÍΩM ′
=ηCM ⊗ÍC η
C
M ′ :=
 
ηCM ⊗ qˇ(η
C
M ′ )

◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍC ⊗ IM⊗M ′ ),
(5.2)
where the 2nd relation hold for all left dg-modules
 
M ,γM

and
 
M ′,γM ′

overΩ.
(c ) Z0End
⊗
(C ⊗ω) :=Z0End(C ⊗ω)∩End
⊗
(C ⊗ω).
We say anηC ∈End⊗
 
C⊗ω

a tensor natural transformation and anηC ∈Z0End
⊗
(C ⊗
ω) a dg-tensor natural transformation.
Lemma 5.2. If ηC ∈ End⊗
 
C ⊗ω

, then for every pair of left dg-modules
 
M ,γM

and 
M ′,γM ′

overΩ, we have 
δC ηC

M⊗ÍΩM
′ =
 
δC ηC

M
⊗ÍC η
C
M ′ +η
C
M ⊗ÍC
 
δC ηC

M ′
.
Proof. Since ηC is a tensor natural transformation, we have 
δC ηC

M⊗ÍΩM
′ = ∂C⊗M⊗M ′ ,C⊗M⊗M ′η
C
M⊗ÍΩM
′
= ∂C⊗M⊗M ′ ,C⊗M⊗M ′η
C
M ⊗ÍC η
C
M ′
=
 
∂C⊗M ,C⊗Mη
C
M

⊗ÍC η
C
M ′ + (−1)
|ηC |ηCM ⊗ÍC
 
∂C⊗M ′ ,C⊗M ′η
C
M ′

=
 
δC ηC

M
⊗ÍC η
C
M ′ +η
C
M ⊗ÍC
 
δC ηC

M ′
.
⊓⊔
Clearly, Z0End
⊗
 
C ⊗ω

is closed under composition and contains IC = IC⊗ω. Thus,
we have a monoid
P
⊗
ω (C ) :=
 
Z0End
⊗
 
C ⊗ω

,IC ,◦

. (5.3)
We shall show that this is in fact a group. We begin with a technical lemma.
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Lemma 5.3. For every ηC ∈ End
 
C ⊗ω

its component ηCΩ⊗M at the free left Ω dg-
module
 
Ω⊗M ,mΩ ⊗ IM

generated by a chain complex M is ηCΩ⊗M =η
C
Ω ⊗ IM .
Proof. For each z ∈M , define a linear map fz : Ω→ Ω ⊗M of degree |z | by fz (a ) :=
(−1)|a ||z |a ⊗ z for all a ∈ Ω. Then fz :
 
Ω,mΩ

→
 
Ω ⊗M ,mΩ ⊗ IM

is a morphism of
left dg-modules over Ω. Since ηC is a natural transformation, the following diagram
commutes
C ⊗Ω
IC⊗ fz //
ηCΩ 
C ⊗Ω⊗M
ηCΩ⊗M
C ⊗Ω
IC⊗ fz // C ⊗Ω⊗M
, i.e., ηCΩ⊗M ◦ (IC ⊗ fz ) = (−1)
|ηC ||z |(IC ⊗ fz ) ◦η
C
Ω .
For every c ∈C and a ∈Ωwe canwriteηCΩ (c ⊗a ) as a finite sumη
C
Ω (c ⊗a ) =
∑
i ci⊗ai
for some ci ∈C and ai ∈Ω, where |ci |+ |ai |= |c |+ |a |+ |η
C |. Then we obtain that
ηCΩ⊗M
 
c ⊗a ⊗ z

= (−1)(|a |+|c |)|z |ηCΩ⊗M ◦ (IC ⊗ fz )
 
c ⊗a

= (−1)(|a |+|c |+|η
C |)|z |(IC ⊗ fz ) ◦η
C
Ω
 
c ⊗a

= (−1)(|a |+|c |+|η
C |)|z |
∑
i
(IC ⊗ fz )
 
ci ⊗ai

=
∑
i
ci ⊗ai ⊗ z = (η
C
Ω ⊗ IM )
 
c ⊗a ⊗ z

.
It follows that ηCΩ⊗M =η
C
Ω ⊗ IM since the above equality holds for all c , a and z . ⊓⊔
Proposition 5.1. P⊗ω (C ) =
 
Z0End
⊗
 
C ⊗ω

,IC ,◦

is a group for every ccdg-coalgebra
C .
Proof. Associated with each ηC ∈ Z0End
⊗
 
C ⊗ω

, we introduce a natural endomor-
phism ς
 
ηC

∈End
 
C⊗ω

, whose componentς
 
ηC

M
at each left dg-module
 
M ,γM

over Ω is defined by
ς
 
ηC

M
:=(IC ⊗γM ) ◦ (η
C
Ω∗ ⊗ IM ) ◦ (IC ⊗uΩ ⊗ IM ) ◦ (IC ⊗ ı
−1
M ) :C ⊗M →C ⊗M .
Weverify thatς
 
ηC

is anatural transformation, since for everymorphismψ :
 
M ,γM

→ 
M ′,γM ′

of left dg-modules over Ω, the following diagram commutes
C⊗M
ς(ηC )M
--
IC⊗ı
−1
M
//
IC⊗ψ

C⊗|⊗M
IC⊗uΩ⊗IM
//
IC⊗|⊗ψ

C⊗Ω⊗M
ηCΩ∗⊗IM
//
IC⊗Ω⊗ψ

C⊗Ω⊗M
IC⊗γM
//
IC⊗Ω⊗ψ

C⊗M
IC ⊗ψ

C⊗M ′
ς(ηC )M ′
11
IC⊗ı
−1
M ′ // C⊗|⊗M ′
IC⊗uΩ⊗IM ′ // C⊗Ω⊗M ′
ηCΩ∗⊗IM ′ // C⊗Ω⊗M ′
IC⊗γM ′ // C⊗M ′.
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Weclaim that ς
 
ηC

is also inZ0End
⊗
(C ⊗ω). First, note that ς
 
ηC

is inZ0End(C ⊗ω).
This isbecause for each left dg-module
 
M ,γM

overΩ, all themaps IC⊗γM ,η
C
Ω∗⊗IM ,
IC ⊗uΩ ⊗ IM and IC ⊗ ı
−1
M are of degree 0 and in the kernels of differentials. Next, we
show ς
 
ηC

is a tensor natural transformation. From Lemma 4.9(a), the coproduct
ÍΩ :
 
Ω∗,γΩ∗

→
 
Ω∗ ⊗Ω∗,γΩ∗⊗ÍΩΩ∗

is a morphism of left dg-modules over Ω. Since
ηC is a tensor natural transformation, we have
C ⊗Ω
IC⊗ÍΩ //
ηCΩ∗ 
C ⊗Ω⊗Ω
ηCΩ∗⊗ÍΩΩ
∗=η
C
Ω∗⊗ÍC η
C
Ω∗

C ⊗Ω
IC⊗ÍΩ // C ⊗Ω⊗Ω
i.e., (ηCΩ∗⊗ÍCη
C
Ω∗ )◦(IC⊗ÍΩ) = (IC⊗ÍΩ)◦η
C
Ω∗ .
Thus for left dg-modules
 
M ,γM

and
 
M ′,γM ′

over Ω, we have
ς
 
ηC

M
⊗ÍC ς
 
ηC

M ′
=(IC ⊗γM ⊗γM ′ ) ◦ (IC⊗Ω ⊗τ⊗ IM ′ )
◦
 
(ηCΩ∗ ⊗ÍC η
C
Ω∗ ) ◦ (IC ⊗ÍΩ) ◦ (IC ⊗uΩ)

⊗ IM⊗M ′

◦ (IC ⊗ ı
−1
M ⊗ IM ′ )
=(IC ⊗γM ⊗γM ′ ) ◦ (IC⊗Ω ⊗τ⊗ IM ′ )
◦
 
(IC ⊗ÍΩ) ◦η
C
Ω∗ ◦ (IC ⊗uΩ)

⊗ IM⊗M ′

◦ (IC ⊗ ı
−1
M ⊗ IM ′ )
=(IC ⊗γM⊗ÍΩM ′
) ◦
 
ηCΩ∗ ◦ (IC ⊗uΩ)

⊗ IM⊗M ′

◦ (IC ⊗ ı
−1
M ⊗ IM ′ )
=ς
 
ηC

M⊗ÍΩM
′ .
Moreover, from Lemma 4.9(b), the counit εΩ :
 
Ω∗,γΩ∗

→
 
|,γ|

is also a morphism
of left dg-modules over Ω. Since ηC is a tensor natural transformation, we have
C ⊗Ω
IC⊗εΩ //
ηCΩ∗ 
C ⊗|
ηC| =I
C
|
C ⊗Ω
IC⊗εΩ // C ⊗|
i.e., (IC ⊗εΩ) = (IC ⊗εΩ) ◦η
C
Ω∗ .
Therefore we have ς
 
ηC

|
= (IC ⊗εΩ)◦η
C
Ω∗ ◦ (IC ⊗uΩ) = (IC ⊗εΩ)◦ (IC ⊗uΩ) = I
C
|
. This
shows ς
 
ηC

∈ Z0End
⊗
 
C ⊗ω

.
Finally, we show that ς
 
ηC

is the left inverse of ηC . Lemma4.9(c) states that for each
left dg-module
 
M ,γM

overΩ, the actionmap γM :
 
Ω∗⊗M ,γΩ∗⊗ÍΩM

→
 
M∗,γM∗

is
a morphism of left dg-modules over Ω. Since ηC is a tensor natural transformation,
we have
C ⊗Ω⊗M
ηCΩ∗⊗ÍΩM
=ηCΩ∗⊗ÍC η
C
M

IC⊗γM // C ⊗M
ηCM∗
C ⊗Ω⊗M
IC⊗γM // C ⊗M
i.e., (IC⊗γM )◦(η
C
Ω∗⊗ÍCη
C
M ) =η
C
M∗
◦(IC⊗γM ).
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Note that ηCM∗ = I
C
M . Indeed, by Lemma 4.8, the actionmap γM∗ :
 
Ω⊗M ,mΩ⊗IM

→ 
M∗,γM∗

and thecounitεΩ :
 
Ω,mΩ

→
 
|,γ|

aremorphismsof left dg-modulesover
Ω. Since ηC is a tensor natural transformation, the following diagrams commute:
C ⊗Ω⊗M
IC⊗γM∗ //
ηCΩ⊗M=η
C
Ω⊗IM 
C ⊗M
ηCM∗
C ⊗Ω⊗M
IC⊗γM∗ // C ⊗M
, C ⊗Ω
IC⊗εΩ //
ηCΩ 
C ⊗|
ηC| =I
C
|
C ⊗Ω
IC⊗εΩ // C ⊗|
.
The equality on the left diagram is due to Lemma 5.3. Therefore, we have
ηCM∗ =η
C
M∗
◦

IC ⊗
 
γM∗ ◦ (uΩ ⊗ IM ) ◦ ı
−1
M

=ηCM∗ ◦ (IC ⊗γM∗ ) ◦ (IC ⊗uΩ ⊗ IM ) ◦ (IC ⊗ ı
−1
M )
=(IC ⊗γM∗ ) ◦ (η
C
Ω ⊗ IM ) ◦ (IC ⊗uΩ ⊗ IM ) ◦ (IC ⊗ ı
−1
M )
=(IC ⊗ ıM ) ◦ (IC ⊗εΩ ⊗ IM ) ◦ (η
C
Ω ⊗ IM ) ◦ (IC ⊗uΩ ⊗ IM ) ◦ (IC ⊗ ı
−1
M )
=(IC ⊗ ıM ) ◦ (IC ⊗εΩ ⊗ IM ) ◦ (IC ⊗uΩ ⊗ IM ) ◦ (IC ⊗ ı
−1
M ) = I
C
M .
Using eq. (5.2), we finally prove that ς
 
ηC

◦ηC = IC :
ς
 
ηC

M
◦ηCM =ς
 
ηC

M
◦ pˇ(qˇ(ηCM ))
=ς
 
ηC

M
◦ (IC ⊗ qˇ(η
C
M )) ◦ (ÍC ⊗ IM )
=(IC ⊗γM ) ◦ (η
C
Ω∗ ⊗ÍC η
C
M ) ◦ (IC ⊗uΩ ⊗ IM ) ◦ (IC ⊗ ı
−1
M )
=ηCM∗ ◦ (IC ⊗γM ) ◦ (IC ⊗uΩ ⊗ IM ) ◦ (IC ⊗ ı
−1
M )
=(IC ⊗γM ) ◦ (IC ⊗uΩ ⊗ IM ) ◦ (IC ⊗ ı
−1
M ) = I
C
M .
We conclude that P⊗ω (C ) = Z0End
⊗
(C ⊗ω) = Z0Aut
⊗(C ⊗ω) is a group, since every
monoid with all left inverses is a group. ⊓⊔
The following lemma shows that the above construction is functorial.
Lemma 5.4. We have a presheaf of groups P⊗ω :
ccdgC (|)   Grp on the category
ccdgC (|) of ccdg-coalgebras, sending
– each ccdg-coalgebra C to the groupP⊗ω (C ), and
– eachmorphism f :C →C ′ of ccdg-coalgebras toahomomorphismP⊗ω ( f ) :P
⊗
ω (C
′)→
P⊗ω (C ) of groups defined byP
⊗
ω ( f ) :=Eω( f ).
Proof. It suffices to check that for every morphism f : C → C ′ of ccdg-coalgebras,
we have Eω( f )
 
ηC
′
∈ Z0End
⊗
 
C ⊗ω

whenever ηC
′
∈ Z0End
⊗
 
C ′⊗ω

, i.e.,
(1) Eω( f )
 
ηC
′
∈ Z0End
 
C ⊗ω

;
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(2) Eω( f )
 
ηC
′
|
= IC
|
;
(3) Eω( f )
 
ηC
′
M⊗ÍΩM
′ =Eω( f )
 
ηC
′
M
⊗ÍC Eω( f )
 
ηC
′
M ′
for all left dg-modules
 
M ,γM

and
 
M ′,γM ′

over Ω.
Property (1) is obvious since Eω( f ) is a chainmap. Property (2) follows from η
C ′
| = I
C ′
|
and εC ′ ◦ f = εC , since we have
Eω( f )
 
ηC
′
|
= (IC ⊗m|) ◦

IC ⊗
 
(εC ′ ⊗ I|) ◦η
C ′
| ◦ ( f ⊗ I|)

◦ (ÍC ⊗ I|) = I
C
| .
Note that Property (3) is equivalent to the condition
qˇ

Eω( f )
 
ηC
′
M⊗ÍΩM
′

= qˇ

Eω( f )
 
ηC
′
M
⊗ÍC Eω( f )
 
ηC
′
M ′

,
which can be checked as follows:
qˇ

Eω( f )
 
ηC
′
M
⊗ÍC Eω( f )
 
ηC
′
M ′

=

qˇ
 
Eω( f )
 
ηC
′
M

⊗ qˇ
 
Eω( f )
 
ηC
′
M ′

◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍC ⊗ IM⊗M ′ )
=

qˇ
 
ηC
′
M

⊗ qˇ
 
ηC
′
M ′

◦ ( f ⊗ IM ⊗ f ⊗ IM ′ ) ◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍC ⊗ IM⊗M ′ )
=

qˇ
 
ηC
′
M

⊗ qˇ
 
ηC
′
M ′

◦ (IC ′ ⊗τ⊗ IM ′ ) ◦ (ÍC ′ ⊗ IM⊗M ′ ) ◦ ( f ⊗ IM⊗M ′ )
= qˇ
 
ηC
′
M ⊗ÍC ′ η
C ′
M ′

◦ ( f ⊗ IM⊗M ′ ) = qˇ
 
ηC
′
M⊗ÍΩM
′

◦ ( f ⊗ IM⊗M ′ )
= qˇ

Eω( f )
 
ηC
′
M⊗ÍΩM
′

,
where we have used ( f ⊗ f ) ◦ÍC =ÍC ′ ◦ f on the 3rd equality. ⊓⊔
Now we turn to construct the presheaf of groups P⊗ω :
hoccdgC (|)   Grp on the
homotopy category hoccdgC (|). Later in this section we shall construct an isomor-
phismP⊗ω
∼=PΩ : ccdgC (|) Grp , wherePΩ is the representable presheaf of groups
which is represented by the ccdg-Hopf algebra Ω and induces PΩ : hoccdgC (|)  
Grp . Similarly,P⊗ω shall inducesP
⊗
ω on hoccdgC (|).
Remind thatPΩ(C ) is the group formedby the setHomccdgC (|)(C ,Ω)of allmorphisms
of ccdg-coalgebras, whilePΩ(C ) is the group formed by the setHomhoccdgC (|)(C ,Ω)
of homotopy types of elements inHomccdgC (|)(C ,Ω). Likewise, we need to define ho-
motopy types of elements in Z0End
⊗
 
C⊗ω

–taking homology classes is not compat-
ible with the tensor condition eq. (5.2): let ηC ∈ Z0End
⊗
 
C ⊗ω

and η˜C =ηC +δC λC
for some λC ∈End
 
C⊗ω

of degree 1, then η˜C and ηC belong to the same homology
class but η˜C , in general, is not a tensor natural transformation.
Definition 5.2. A homotopy pair on Z0End
⊗
 
C ⊗ω

is a pair
 
η(t )C ,λ(t )C

of ηC (t ) ∈
End
 
C ⊗ω

0
[t ] and λ(t )C ∈ End
 
C ⊗ω

1
[t ], where t is a polynomial time variable
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of degree 0, satisfying the homotopy flow equation
d
d t
η(t )C = δC λ(t )C generated by
λ(t )C subject to the following conditions:
η(0)C ∈Z0End
⊗
 
C ⊗ω

,

λ(t )C
|
= 0,
λ(t )CM⊗ÍΩM ′
=λ(t )CM ⊗ÍC η(t )
C
M ′ +η(t )
C
M ⊗ÍC λ(t )
C
M ′ .
Let
 
η(t )C ,λ(t )C

beahomotopypair onZ0End
⊗
 
C⊗ω

. It follows fromthehomotopy
flow equation that η(t )C is uniquely determined by η(t )C = η(0)C +δC
∫ t
0
λ(s )C ds,
and we have δC η(t )C = 0 since δC η(0)C = 0. From the condition ηC (0)| = IC⊗| and
λ(t )C
|
= 0, we have ηC
|
(t ) = IC⊗|. By applying Lemma 5.2, we also have
d
d t

η(t )CM⊗ÍΩM ′
−η(t )CM ⊗ÍC η(t )
C
M ′

=δC

λ(t )CM⊗ÍΩM ′
−λ(t )CM ⊗ÍC η(t )
C
M ′ −η(t )
C
M ⊗ÍC λ(t )
C
M ′

= 0,
so that η(t )CM⊗ÍΩM ′
=η(t )CM ⊗ÍC η(t )
C
M ′ for all t since η(0)
C
M⊗ÍΩM
′ =η(0)
C
M ⊗ÍC η(0)
C
M ′ .
Therefore η(t )C is a family of elements inZ0End
⊗
 
C⊗ω

. Then, we declare thatη(1)C
is homotopic to η(0)C by the homotopy
∫ 1
0
λ(t )C dt, and denote η(0)C ∼η(1)C , which
is clearly an equivalence relation. In other words, two elements ηC and η˜C in the set
Z0End
⊗
 
C⊗ω

are homotopic, ηC ∼ η˜C , if there is a homotopy pair connecting them
(by the time 1map). Then,we also say thatηC and η˜C have the samehomotopy type,
and denote it as [ηC ] = [η˜C ].
LethoZ0End
⊗
 
C⊗ω

be the setofhomotopy typesof elements inZ0End
⊗
 
C⊗ω

. It is a
routine check thatη′C ◦ηC ∼ η˜′C ◦η˜C ∈ Z0End
⊗
 
C⊗ω

wheneverη′C ∼ η˜′C ,ηC ∼ η˜C ∈
Z0End
⊗
 
C ⊗ω

and the homotopy type of η′C ◦ηC depends only on the homotopy
types of η′C and ηC . Therefore we have well-defined associative composition [η′C ]⋄
[ηC ] := [η′C ◦ηC ]. This shows that we have a group
P⊗ω (C ) :=
 
hoZ0End
⊗
 
C ⊗ω

, [IC ],⋄

. (5.4)
The following lemma shows that this construction is functorial.
Lemma 5.5. We have a presheaf of groupsP⊗ω :
hoccdgC (|) Grp on the homotopy
category hoccdgC (|) of ccdg-coalgebras, sending
– each ccdg-coalgebra C to the groupP⊗ω(C ) :=
 
hoZ0End
⊗
 
C ⊗ω

, [IC ],⋄

, and
– eachmorphism f :C →C ′ of dg-coalgebras to the grouphomomorphismP⊗ω([ f ]) :
P⊗ω(C
′)→P⊗ω(C ) defined by
P⊗ω([ f ])
 
[ηC
′
]

:=

P
⊗
ω ( f )
 
ηC
′
.
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Proof. All we need to show is thatP⊗ω ( f )
 
ηC
′
∼P⊗ω ( f˜ )
 
η˜C
′
∈ Z0End
⊗
 
C ⊗ω

when-
ever f ∼ f˜ ∈ HomccdgC (|)(C ,C
′) and ηC
′
∼ η˜C
′
∈ Z0End
⊗
 
C ′⊗ω

. It suffices to show
the following statement: Let
 
f (t ), s (t )

be a homotopy pair on HomccdgC (|)(C ,C
′)
and
 
η(t )C
′
,λ(t )C
′
be a homotopy pair on Z0End
⊗
 
C ′⊗ω

. Then the pair

ξ(t )C :=Eω
 
f (t )
 
η(t )C
′
, χ (t )C :=Eω
 
f (t )
 
λ(t )C
′ 
+Eω
 
s (t )
 
η(t )C
′
is a homotopy pair on Z0End
⊗
 
C ⊗ω

that the pair
 
ξ(t )C ,χ (t )C

has the following
properties:
(1) dd t ξ(t )
C =δCχ (t )C ;
(2) ξ(0)C ∈ Z0End
⊗
 
C ⊗ω

;
(3) χ (t )C| = 0;
(4) χ (t )CM⊗ÍΩM ′
=χ (t )CM⊗ÍC ξ(t )
C
M ′+ξ(t )
C
M⊗ÍC χ (t )
C
M ′ for all left dg-modules
 
M ,γM

and
 
M ′,γM ′

over Ω.
For Property (1), let ξ(t )CM be the component of ξ(t )
C at a left dg-module
 
M ,γM

over Ω. Then we have
d
d t
ξ(t )CM =
d
d t
pˇ

ıM ◦
 
εC ′ ⊗ IM

◦η(t )C
′
M ◦
 
f (t )⊗ IM

=pˇ

ıM ◦
 
εC ′ ⊗ IM

◦ ∂C ′⊗M ,C ′⊗Mλ(t )
C ′
M ◦
 
f (t )⊗ IM

+ pˇ

ıM ◦
 
εC ′ ⊗ IM

◦η(t )C
′
M ◦
 
∂C ,C ′ s (t )⊗ IM

=
 
δCχ (t )C

M
,
wherewehaveused ∂C ,C ′ f (t ) = 0and ∂C ′⊗M ,C ′⊗Mη(t )
C ′
M = 0 for the3rdequality. Prop-
erty (2) is obvious since f (0) :C →C ′ is amorphism of ccdg-coalgebras and η(0)C
′
is
in Z0End
⊗
 
C ′⊗ω

. Property (3) follows from λ(t )C
′
|
= 0, η(t )C
′
|
= IC
|
and εC ′ ◦ s (t ) = 0,
since we have
χ (t )C| =pˇ

m| ◦
 
εC ′ ⊗ I|

◦λ(t )C
′
| ◦
 
f (t )⊗ I|

+m| ◦
 
εC ′ ⊗ I|

◦η(t )C
′
| ◦
 
s (t )⊗ I|

=pˇ

m| ◦
 
εC ′ ⊗ I|

◦
 
s (t )⊗ I|

= 0.
We note that Property (4) is equivalent to the condition
qˇ

χ (t )CM⊗ÍΩM ′

= qˇ

χ (t )CM ⊗ÍC ξ(t )
C
M ′ +ξ(t )
C
M ⊗ÍC χ (t )
C
M ′

, (5.5)
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which can be checked as follows. We consider the 1st term in the RHS of eq. (5.5):
qˇ
 
χ (t )CM ⊗ÍC ξ(t )
C
M ′

=

qˇ
 
χ (t )CM

⊗ qˇ
 
ξ(t )CM ′

◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍC ⊗ IM⊗M ′ )
=

qˇ
 
η(t )C
′
M

⊗ qˇ
 
η(t )C
′
M ′

◦
 
s (t )⊗ IM ⊗ f (t )⊗ IM ′

◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍC ⊗ IM⊗M ′ )
+

qˇ
 
λ(t )C
′
M

⊗ qˇ
 
η(t )C
′
M ′

◦
 
f (t )⊗ IM ⊗ f (t )⊗ IM ′

◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍC ⊗ IM⊗M ′ ).
Combining with the similar calculation for the 2nd term in the RHS of eq. (5.5), we
obtain that
qˇ

χ (t )CM ⊗ÍC ξ(t )
C
M ′ +ξ(t )
C
M ⊗ÍC χ (t )
C
M ′

=

qˇ
 
λ(t )C
′
M

⊗ qˇ
 
η(t )C
′
M ′

+ qˇ
 
η(t )C
′
M

⊗ qˇ
 
λ(t )C
′
M ′

◦
 
f (t )⊗ IM ⊗ f (t )⊗ IM

◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍC ⊗ IM⊗M ′ )
+

qˇ
 
η(t )C
′
M

⊗ qˇ
 
η(t )C
′
M ′

◦
 
s (t )⊗ IM ⊗ f (t )⊗ IM ′ + f (t )⊗ IM ⊗ s (t )⊗ IM ′

◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍC ⊗ IM⊗M ′ )
=

qˇ
 
λ(t )C
′
M

⊗ qˇ
 
η(t )C
′
M ′

+ qˇ
 
η(t )C
′
M

⊗ qˇ
 
λ(t )C
′
M ′

◦ (IC ′ ⊗τ⊗ IM ′ ) ◦ (ÍC ′ ⊗ IM⊗M ′ ) ◦
 
f (t )⊗ IM⊗M ′

+

qˇ
 
η(t )C
′
M

⊗ qˇ
 
η(t )C
′
M ′

◦ (IC ′ ⊗τ⊗ IM ′ ) ◦ (ÍC ′ ⊗ IM⊗M ′ ) ◦
 
s (t )⊗ IM⊗M ′

=qˇ
 
λ(t )C
′
M ⊗ÍC ′ η(t )
C ′
M ′ +η(t )
C ′
M ⊗ÍC ′ λ(t )
C ′
M ′

◦
 
f (t )⊗ IM⊗M ′

+qˇ
 
η(t )C
′
M ⊗ÍC ′ η(t )
C ′
M ′

◦
 
s (t )⊗ IM⊗M ′

=qˇ
 
λ(t )C
′
M⊗ÍΩM
′

◦
 
f (t )⊗ IM⊗M ′

+ qˇ
 
η(t )C
′
M⊗ÍΩM
′

◦
 
s (t )⊗ IM⊗M ′

=qˇ
 
χ (t )C
′
M⊗ÍΩM
′

.
In the above, we used
 
s (t )⊗ f (t )+ f (t )⊗s (t )

◦ÍC =ÍC ′ ◦s (t ) and
 
f (t )⊗ f (t )

◦ÍC =
ÍC ′ ◦ f (t ) on the 2nd equality, andusedλ(t )
C ′
M ⊗η(t )
C ′
M ′+η(t )
C ′
M ⊗λ(t )
C ′
M ′ =λ(t )
C ′
M⊗ÍΩM
′
and η(t )C
′
M ⊗ÍC ′ η(t )
C ′
M ′ =η(t )
C ′
M⊗ÍΩM
′ on the 4th equality. ⊓⊔
Now we are ready to state the main theorem in this section.
Theorem 5.1. We have a natural isomorphism of presheaves of groups
P⊗ω
∼=PΩ : hoccdgC (|) Grp
on the homotopy category of ccdg-coalgebras. Equivalently, the presheaf of groupsP⊗ω
on hoccdgC (|) is representable and represented by the ccdg-Hopf algebraΩ.
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The remaining part of this section is devoted to the proof of the above theorem,
which is divided into several pieces.
Proposition 5.2. We have natural isomorphisms of presheaves
Eω
∼=EΩ : ccdgC (|)  dgA (|), P
⊗
ω
∼=PΩ : ccdgC (|) Grp .
In particular the presheaf of groupsP⊗ω on ccdgC (|) is representable and represented
by the ccdg-Hopf algebraΩ.
The proof of this proposition is based on the forthcoming two lemmas. Remind that
in Lemma 3.1, we defined the dg-algebra EΩ(C ) =
 
Hom(C ,Ω),uΩ ◦εC ,⋆C,Ω,∂C,Ω

for
every ccdg-coalgebra C .
Lemma 5.6. We have an isomorphism
(
η
C :EΩ(C )
..
Eω(C ) :
(
g
C
nn of dg-algebras
for every ccdg-coalgebra C , where
– for each α ∈Hom(C ,Ω), the component of
(
η
C
(α) ∈End
 
C⊗ω

at a left dg-module 
M ,γM

over Ω is defined by
(
η
C
(α)M :=pˇ
 
γM ◦ (α⊗ IM )

=(IC ⊗γM ) ◦ (IC ⊗α⊗ IM ) ◦ (ÍC ⊗ IM ) :C ⊗M →C ⊗M .
– for each ηC ∈End
 
C ⊗ω

, the linear map
(
g
C
(ηC ) ∈Hom(C ,Ω) is defined by
(
g
C
(ηC ) :=qˇ(ηCΩ ) ◦ (IC ⊗uΩ) ◦ 
−1
C
=ıΩ ◦ (εC ⊗ IΩ) ◦η
C
Ω ◦ (IC ⊗uΩ) ◦ 
−1
C :C →Ω.
Proof. The map
(
g
C is well-defined, since
(
g
C
(ηC ) is obviously a |-linear map. We
can check that the map
(
η
C is also well-defined as follows. For every morphism ψ : 
M ,γM

→
 
M ′,γM ′

of left dg-modules over Ω, the following diagram commutes
C ⊗M
(
η
C
(α)M
,,
ÍC⊗IM
//
IC⊗ψ

C ⊗C ⊗M
IC⊗α⊗IM
//
IC⊗C⊗ψ

C ⊗Ω⊗M
IC⊗γM
//
IC⊗Ω⊗ψ

C ⊗M
IC⊗ψ

C ⊗M ′
(
η
C
(α)M ′
22
ÍC⊗IM ′ // C ⊗C ⊗M ′
IC⊗α⊗IM ′ // C ⊗Ω⊗M ′
IC ⊗γM ′ // C ⊗M ′
so that
(
η
C
(α) is a natural transformation.
Now we check that
(
g
C and
(
η
C are inverse to each other.
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–
(
g
C
 
(
η
C
(α)

=α holds for all α ∈Hom(C ,Ω):
(
g
C
 
(
η
C
(α)

= qˇ
 
(
η
C
(α)Ω

◦ (IC ⊗uΩ) ◦ 
−1
C = pˇ
 
qˇ
 
mΩ ◦ (α⊗ IΩ)

◦ (IC ⊗uΩ) ◦ 
−1
C
=mΩ ◦ (α⊗ IΩ) ◦ (IC ⊗uΩ) ◦ 
−1
C =α.
–
(
η
C
  (
g
C
(ηC )

= ηC holds for all ηC ∈ End
 
C ⊗ω

: Let
 
M ,γM

be a left dg-module
overΩ. Lemma 4.8(a) states that γM :
 
Ω⊗M ,mΩ⊗IM

→
 
M ,γM

is amorphism
of left dg-modules over Ω. Since ηC is a natural transformation, the following
diagram commutes
C ⊗Ω⊗M
ηCΩ⊗M=η
C
Ω⊗IM 
IC⊗γM // C ⊗M
ηCM
C ⊗Ω⊗M
IC⊗γM
// C ⊗M
, i.e., (IC⊗γM )◦(η
C
Ω⊗IM ) =η
C
M ◦(IC⊗γM ).
The equality on the diagram is by Lemma 5.3. Thus we have
(
η
C
  (
g
C
(ηC )

M
=(IC ⊗γM ) ◦

IC ⊗
 
qˆ(ηCΩ ) ◦ (IC ⊗uΩ) ◦ 
−1
C

⊗ IM

◦ (ÍC ⊗ IM )
=(IC ⊗γM ) ◦

pˆ
 
qˆ(ηCΩ )

⊗ IM

◦ (IC ⊗uΩ ⊗ IM ) ◦ (
−1
C ⊗ IM )
=(IC ⊗γM ) ◦ (η
C
Ω ⊗ IM ) ◦ (IC ⊗uΩ ⊗ IM ) ◦ (
−1
C ⊗ IM )
=ηCM ◦ (IC ⊗γM ) ◦ (IC ⊗uΩ ⊗ IM ) ◦ (
−1
C ⊗ IM ) =η
C
M .
We are left to show that
(
η
C and
(
g
C are morphisms of dg-algebras. Since they are in-
verse to each other, it suffices to show that
(
η
C is amorphism of dg-algebras. Clearly,
(
η
C is a |-linear map of degree 0. Let
 
M ,γM

be a left dg-module over Ω.
–
(
η
C is a chain map, i.e. δC ◦
(
η
C
=
(
η
C
◦ ∂C,Ω. Indeed, for α ∈Hom(C ,Ω),
δC
 
(
η
C
(α)

M
= ∂C⊗M ,C⊗M
 
(IC ⊗γM ) ◦ (IC ⊗α⊗ IM ) ◦ (ÍC ⊗ IM )

= (IC ⊗γM ) ◦
 
IC ⊗ ∂C,Ωα⊗ IM

◦ (ÍC ⊗ IM )
=
(
η
C
(∂C,Ωα)M .
The 2nd equality follows from the properties ∂Ω⊗M ,M γM = 0 and ∂C ,C⊗CÍC = 0.
–
(
η
C sends the identity to the identity, i.e.
(
η
C
(uΩ ◦εC ) = I
C :
(
η
C
(uΩ ◦εC )M := (IC ⊗γM ) ◦
 
IC ⊗ (uΩ ◦εC )⊗ IM

◦ (ÍC ⊗ IM ) = IC⊗M = I
C
M .
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–
(
η
C preserves the binary operations, i.e.
(
η
C
(α1 ⋆C,Ω α2) =
(
η
C
(α1) ◦
(
η
C
(α2) for all
α1,α2 ∈Hom(C ,Ω):
(
η
C
 
α1 ⋆C,Ω α2

M
:= (IC ⊗γM ) ◦

IC ⊗
 
mΩ ◦ (α1⊗α2) ◦ÍC

⊗ IM

◦ (ÍC ⊗ IM )
=(IC ⊗γM ) ◦ (IC ⊗α1⊗ IM ) ◦ (ÍC ⊗ IM ) ◦ (IC ⊗γM ) ◦ (IC ⊗α2⊗ IM ) ◦ (ÍC ⊗ IM )
=
(
η
C
 
α1

M
◦
(
η
C
 
α2

M
.
The 2nd equality is due to the coassociativity of ÍC and the action axiom of γM .
⊓⊔
In Lemma 3.2, we showed that PΩ(C ) =
 
HomccdgC (|)(C ,Ω),uΩ ◦ εC ,⋆C,Ω

is a group
for every ccdg-coalgebra C . The inverse of g ∈ HomccdgC (|)(C ,Ω) is given by g
−1 :=
ςΩ ◦g . Remind thatHomccdgC (|)(C ,Ω) is the subset of Hom(C ,Ω) consisting themor-
phisms of ccdg-coalgebras:
HomccdgC (|)(C ,Ω) =
¦
g ∈Hom(C ,Ω)0
∂C,Ωg = 0, ÍΩ ◦ g = (g ⊗ g ) ◦ÍC , εΩ ◦ g = εC ©.
Lemma 5.7. For every ccdg-coalgebra C , the isomorphism in Lemma 5.6 gives an iso-
morphism
(
η
C :PΩ(C )
..
P⊗ω (C ) :
(
g
C
nn of groups.
Proof. We only need to show two things:
(
g
C
 
Z0End
⊗
 
C ⊗ω

⊂ HomccdgC (|)(C ,Ω)
and
(
η
C
 
HomccdgC (|)(C ,Ω)

⊂ Z0End
⊗
 
C ⊗ω

.
1. For ηC ∈Z0End
⊗
 
C ⊗ω

we have
(
g
C
(ηC ) ∈HomccdgC (|)(C ,Ω).
–
(
g
C
(ηC ) is of degree 0 and ∂C,Ω
(
g
C
(ηC ) = 0: This is immediate sinceηC is of degree
0 with δC ηC = 0, and
(
g
C is a chain map by Lemma 5.6.
– εΩ◦
(
g
C
(ηC ) = εC : Lemma4.8(b) states that εΩ :
 
Ω,mΩ

→
 
|,γ|

is amorphismof
left dg-modules overΩ. SinceηC is a tensor natural transformation, the following
diagram commutes:
C ⊗Ω
ηCΩ

IC⊗εΩ // C ⊗|
ηC| =IC⊗|=I
C
|
C ⊗Ω
IC⊗εΩ // C ⊗|,
i.e., (IC ⊗εΩ) ◦η
C
Ω = IC ⊗εΩ.
Therefore we have
εΩ ◦
(
g
C
(ηC ) =m| ◦ (εC ⊗ I|) ◦ (IC ⊗εΩ) ◦η
C
Ω ◦ (IC ⊗uΩ) ◦ 
−1
C
=m| ◦ (εC ⊗ I|) ◦ (IC ⊗εΩ) ◦ (IC ⊗uΩ) ◦ 
−1
C = εC .
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– ÍΩ ◦
(
g
C
(ηC ) =

(
g
C
(ηC )⊗
(
g
C
(ηC )

◦ÍC : Lemma 4.8(c) states that ÍΩ :
 
Ω,mΩ

→ 
Ω ⊗ Ω,γΩ⊗ÍΩΩ

is a morphism of left dg-modules over Ω. Since ηC is a tensor
natural transformation, the following diagram commutes:
C ⊗Ω
ηCΩ 
IC ⊗ÍΩ // C ⊗Ω⊗Ω
ηCΩ⊗ÍΩΩ
=ηCΩ⊗ÍC η
C
Ω

C ⊗Ω
IC⊗ÍΩ // C ⊗Ω⊗Ω,
i.e., (IC⊗ÍΩ)◦η
C
Ω =
 
ηCΩ⊗ÍC η
C
Ω

◦(IC⊗ÍΩ).
Therefore we obtain that
ÍΩ ◦
(
g
C
(ηC ) = ıΩ⊗Ω ◦ (εC ⊗ IΩ⊗Ω) ◦ (IC ⊗ÍΩ) ◦η
C
Ω ◦ (IC ⊗uΩ) ◦ 
−1
C
= ıΩ⊗Ω ◦ (εC ⊗ IΩ⊗Ω) ◦
 
ηCΩ ⊗ÍC η
C
Ω

◦ (IC ⊗ÍΩ) ◦ (IC ⊗uΩ) ◦ 
−1
C
=

(
g
C
(ηC )⊗
(
g
C
(ηC )

◦ÍC .
2. For g ∈HomccdgC (|)(C ,Ω), we have
(
η
C
(g ) ∈ Z0End
⊗
 
C ⊗ω

.
–
(
η
C
(g ) is of degree 0 and satisfies δC
(
η
C
(g ) = 0: This is immediate, since g is of
degree 0 with ∂C,Ωg = 0, and
(
η
C is a chain map by Lemma 5.6.
–
(
η
C
(g )| = I
C
|
: Using εΩ ◦ g = εC , we have
(
η
C
(g )| = (IC ⊗m|) ◦ (IC ⊗εΩ ⊗ I|) ◦ (IC ⊗ g ⊗ I|) ◦ (ÍC ⊗ I|)
= (IC ⊗m|) ◦ (IC ⊗εΩ ⊗ I|) ◦ (ÍC ⊗ I|) = I
C
| .
–
(
η
C
(g )M⊗ÍΩM ′
=
(
η
C
(g )M⊗ÍC
(
η
C
(g )M ′ for every left dg-modules
 
M ,γM

and
 
M ′,γM ′

overΩ: This is equivalent to the condition qˇ

(
η
C
(g )M⊗ÍC
(
η
C
(g )M ′

= qˇ
 
(
η
C
(g )M⊗ÍΩM ′

.
UsingÍΩ ◦ g = (g ⊗ g ) ◦ÍC , we have
qˇ

(
η
C
(g )M⊗ÍC
(
η
C
(g )M ′

:=

qˇ
 
(
η
C
(g )M

⊗ qˇ
 
(
η
C
(g )M ′

◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍC ⊗ IM⊗M ′ )
= (γM ⊗γM ′ ) ◦ (g ⊗ IM ⊗ g ⊗ IM ′ ) ◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍC ⊗ IM⊗M ′ )
= (γM ⊗γM ′ ) ◦ (IΩ ⊗τ⊗ IM ′ ) ◦ (ÍΩ ⊗ IM⊗M ′ ) ◦ (g ⊗ IM⊗M ′ )
= γM⊗ÍΩM ′
◦ (g ⊗ IM⊗M ′ ) = qˇ
 
(
η
C
(g )M⊗ÍΩM ′

.
⊓⊔
Now we finish the proof of Proposition 5.2.
Proof (Proposition 5.2). We claim that the isomorphisms
(
η
C : EΩ(C ) → Eω(C ) are
natural in C ∈ ccdgC (|). This will give us a natural isomorphism
(
η :EΩ =⇒Eω : ccdgC (|)  dgA (|),
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whose component at a ccdg-coalgebra C is
(
η
C . Then
(
g := {
(
g
C
} is also a natural
transformation, which is the inverse of
(
η. Moreover,
(
ηwill canonically induce a nat-
ural isomorphism
(
η :PΩ =⇒P
⊗
ω :
ccdgC (|) Grp ,
with its inverse, again,
(
g . We need to show that the following diagram commutes for
every morphism f :C →C ′ of ccdg-coalgebras:
EΩ(C
′)
(
η
C ′
//
EΩ ( f )

Eω(C
′)
Eω( f )

EΩ(C )
(
η
C
// Eω(C ),
i.e., Eω( f ) ◦
(
η
C ′
=
(
η
C
◦EΩ( f ).
Let g ′ :C ′→Ω be a linear map and
 
M ,γM

be a left dg-module over Ω. Then
qˇ

Eω( f )
 
(
η
C ′
(g ′)

M

= qˇ
 
(
η
C ′
(g ′)M

◦ ( f ⊗ IM )
= γM ◦ (g
′⊗ IM ) ◦ ( f ⊗ IM )
= γM ◦
 
(g ′ ◦ f )⊗ IM

= qˇ

(
η
C ′
(g ′ ◦ f )M

.
Therefore
 
Eω( f ) ◦
(
η
C ′

(g ′) =
 
(
η
C
◦EΩ( f )

(g ′) holds for all g ′ :C ′→Ω. ⊓⊔
We end this paper with the proof of Theorem 5.1.
Proof (Theorem 5.1). By Proposition 5.2 and the definitions ofPΩ andP
⊗
ω, it is suf-
ficient to show that, for every ccdg-coalgebra C ,
(a )
(
η
C sends a homotopy pair
 
g (t ),χ (t )

onHomccdgC (|)(C ,Ω) to a homotopy pair
(
η
C
 
g (t )

,
(
η
C
 
χ (t )

on Z0End
⊗
 
C ⊗ω

, and
(b )
(
g
C sends a homotopy pair
 
η(t )C ,λ(t )C

on Z0End
⊗
 
C⊗ω

to a homotopy pair
(
g
C
 
η(t )C

,
(
g
C
 
λ(t )C

onHomccdgC (|)(C ,Ω).
Then
(
η
C and
(
g
C will induce an isomorphism of groups P⊗ω(C )
∼= PΩ(C ) for every
ccdg-coalgebra C . Moreover, this isomorphism is natural in C ∈ ccdgC (|) by Propo-
sition 5.2 and Lemma 5.5 so that we have natural isomorphism
PΩ
∼=P⊗ω :
hoccdgC (|) Grp .
We will prove (a ) only since the proof of (b ) is similar. We need to check the pair
(
η
C
 
g (t )

,
(
η
C
 
χ (t )

has the following properties.
(1) dd t
(
η
C
 
g (t )

=δC
(
η
C
 
χ (t )

,
(2)
(
η
C
 
g (0)

∈ Z0End
⊗
 
C ⊗ω

,
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(3)
(
η
C
 
χ (t )

|
= 0, and
(4)
(
η
C
 
χ (t )

M
⊗ÍC
(
η
C
 
g (t )

M ′
+
(
η
C
 
g (t )

M
⊗ÍC
(
η
C
 
χ (t )

M ′
=
(
η
C
 
χ (t )

M⊗ÍΩM
′ ,
where the last equality shouldhold for all left dg-modules
 
M ,γM

and
 
M ′,γM ′

over
Ω. Property (1) follows from the condition dd t g (t ) = ∂C,Ωχ (t ), since
d
d t
(
η
C
 
g (t )

=
(
η
C
 
d
d t g (t )

=
(
η
C
 
∂C,Ωχ (t )

= δC
(
η
C
 
χ (t )

. Property (2) follows from the condition
g (0) ∈HomccdgC (|)(C ,Ω). Property (3) follows from the condition εΩ ◦χ (t ) = 0, since
we have
(
η
C
 
χ (t )

|
= (IC ⊗m|) ◦
 
IC ⊗ (εΩ ◦ χ (t ))⊗ I|

◦ (ÍC ⊗ I|). Finally we check
that Property (4) is a consequence of the condition
 
χ (t )⊗ g (t ) + g (t )⊗χ (t )

◦ÍC =
ÍΩ ◦χ (t ). We note that Property (4) is equivalent to the identity
qˇ

(
η
C
 
χ (t )

M
⊗ÍC
(
η
C
 
g (t )

M ′
+
(
η
C
 
g (t )

M
⊗ÍC
(
η
C
 
χ (t )

M ′

= qˇ
 
(
η
C
 
χ (t )

M⊗ÍΩM
′

,
(5.6)
which can be checked as follows. We begin with the 1st term in the LHS of eq. (5.6):
qˇ

(
η
C
 
χ (t )

M
⊗ÍC
(
η
C
 
g (t )

M ′

=

qˇ
 
(
η
C
 
χ (t )

M

⊗ qˇ
 
(
η
C
 
g (t )

M ′

◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍC ⊗ IM⊗M ′ )
= (γM ⊗γM ′ ) ◦
 
χ (t )⊗ IM ⊗ g (t )⊗ IM ′

◦ (IC ⊗τ⊗ IM ′ ) ◦ (ÍC ⊗ IM⊗M ′ )
= (γM ⊗γM ′ ) ◦ (IΩ ⊗τ⊗ IM ′ ) ◦
 
χ (t )⊗ g (t )⊗ IM⊗M ′

◦ (ÍC ⊗ IM⊗M ′ ).
After the similar calculation for the 2nd term in the LHS of eq. (5.6), we obtain that
qˇ

(
η
C
 
χ (t )

M
⊗ÍC
(
η
C
 
g (t )

M ′
+
(
η
C
 
g (t )

M
⊗ÍC
(
η
C
 
χ (t )

M ′

= (γM ⊗γM ′ ) ◦ (IΩ ⊗τ⊗ IM ′ ) ◦
 
χ (t )⊗ g (t ) + g (t )⊗χ (t )

⊗ IM⊗M ′

◦ (ÍC ⊗ IM⊗M ′ )
= (γM ⊗γM ′ ) ◦ (IΩ ⊗τ⊗ IM ′ ) ◦ (ÍΩ ⊗ IM⊗M ′ ) ◦
 
χ (t )⊗ IM⊗M ′

= γM⊗ÍΩM ′
◦
 
χ (t )⊗ IM⊗M ′

= qˇ
 
(
η
C
 
χ (t )

M⊗ÍΩM
′

.
⊓⊔
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